Marta Pieropan

Utrecht University

DMV Annual Meeting 2020
Section: Algebra, Algebraic Geometry and Number Theory
September 14, 2020



Setting:
F/Q finite
G=G!
X smooth projective equivariant compactification of G
D =X\ G = ,eq Da snc divisor

Examples

X, =P
D1 = {xo :0}
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G=G}, X=GuD, D=, Do

Slogan
@ Campana points interpolate between integral points and rational
points on G.

@ Campana points are rational points on X with special “tangency’
conditions with respect to D.

Setting:

S finite set of places of F'

Z regular flat proper model of X over O g

9D, C Z closure of D, Vaa € A

Ma € Z>1 U {+oo}, Va e A

D = el =1/ma)Day P =Y qea(l = 1/ma)Za
then (X, Dy,) is @ Campana pair.
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G=G} X=GUUacaDa;, Dm=Xoca(l—1/ma)Da, ma € Ls1U{oo}.

Campana points on (2", Zm)
A point x € G(F) is a Campana point on (2", Zm) if

vp(fa(x» =0 or Up(fa(x» > My,
Va € A, ¥V prime p of Op g, V local equation f, of Z,.
Example: 2 =1P?, 2,, = (1-1/m){z0 = 0}

A local equation at = is z¢/!, (4:1:3)

[ linear form such that I(z) = 1. *

<] mod 22

EQ.: zo/(xo — x2) for (4:1:3). :':3) zo =0
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G=G} X=GUUacaDa;, Dm=Xoca(l—1/ma)Da, ma € Ls1U{oo}.

Let L be a big line bundle on X with a smooth adelic metrization
induced by 27, and Hj, the associated height function.

Theorem (P—Smeets—Tanimoto—Varilly-Alvarado 2019)

Assume m,, < +oo for all « € A. Then (X, Dy,) is log Fano,
the set of Campana points is Zariski dense in X, and

#{z € G(F) Campana for (2", Z,,) : Hy(z) < B} ~ ¢B%(log B)* 1,

with ¢ > 0 and
a=inf{t € R:tL+ Kx + Dy, effective},
b = dimension of the minimal face of Eff(X') containing
aL + Kx + D,
aslong as aL + Kx + Dy, is rigid (eg., if L = —(Kx + D).
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G=G}, X =GUUscaDa, Dm=3ocu(1—1/ma)Da,

Recall: a = inf{t € R: tL + Kx + Dn, effective},

Mo € ZZ]_ U {OO}

b = dimension of the minimal face of Eff(X) containing aL + Kx + Dm.

Facts:

o PlC(X) = @aEA ZDQ, EH<X) == @aeA ZZODOU

@ —Kx =3 pcaPaDa With p, > 2Va € A,
@ L =7 csraDqybig= Ay >0Vac A

Then
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Example

X = Bl(():O:l)IED2

Let G(F)m = {z € G(F) Campana for (2", Zm)}, then

7(G(F)m) ={(20, 21, 22) € Z* : ged(20, 21, 22) = 1,20 > 0, and Vp
vp(ged(2o,21)) = 0 or vy(ged (20, 21)) > ma,
vp(20/ ged(zo0, 21)) = 0 0Or vy(20/ ged(20, 21)) > ma}.

If L = Op2, then
#{‘T € 71-(G((-F)In) : HPQ (CC) < B} ~ CB2+1/m2,

Marta Pieropan (Utrecht University) Campana points 7/11



Proof of theorem

Let G(F)m = {z € G(F) Campana for (2", Zm)}-

Height zeta function:  Zm(s):= »  Hy(z)™*, seC.
CCEG(F)m

Tauberian theorem
It > ccim)., Hr(z)~* is absolutely convergent for %(s) > a > 0, and

Zin(5) = (s —a)~°g(s) + h(s)
with g and h holomorphic for R(s) > a, g(a) # 0, then
g(a) a b—1
: < ~N .
#{ € G(F)m : Hu(2) < B} ~ 750" (08 B)
~- Suffice to study the rightmost pole of Z,,(s).
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Poisson summation for G = G

Recall: Zm(s) =3, cq(m), Ho(@)™*
@ Let 4,y characteristic function of G(F')m
@ Characters of G(Ap):  {xy:y € G(Ap)}.

e Fourier transform:  Hp(y, s) = Jonp H@) ™ 6m(@)xy (z)da.

Theorem (Tate)

) I X eqm Hi(z + 2)7*0m(x + 2) converges absolutely for z in a
fundamental domain K for G(Ar)/G(F), and

(%) if Eyeg(F) flm(y, s) converges absolutely,
then Zm(s) = ¥ ycq(r) Hm(y, ).

For () we find K such that H(-)~* and é,,, are K-periodic + absolute
convergence of Zy,(s) for R(s) > 1.

= absolute convergence for (s) > 1,
~ Suffice to study >, c(p) Hm (v, 5) {rightmost sole.
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-~ absolute convergence for f(s) > 1,
Study of 3 c () Hm(y, 5) {rightmost il

Reduction to a discrete sum
If x, is nontrivial on K, then Hy,(y,s) = 0, and

A ={y € G(F) : x, trivial on K}

is an Op-module of full rank in G(F).
A StUdy ZyEA ﬁm(ya 5) = ﬁm(ov 5) + ZyEA\{O} ﬁm(ya S)'

Proof strategy:

Poisson summation

N o _
Zm(S) = Hm(07 S) + EyGA\{O} Hm(qu S)

pole of orderb at s = a _ — absolute convergence,
pole of order > bat s =a
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absolute convergence for R(s) > 1,
rightmost pole.

Study of EyeA m (Y, 8) {

Recall: Hm(y,s) = fG(A ) H(@) ™" 0m(2)xy (v)dz = IL ﬁm (Y, 8).

pa—(1—

. ) pa—(1-5)
Recall.a:maxaEAT‘l b=#JacA: ?“:a .

Case y = 0 (~ rightmost pole)
7 hol hi
[ags Hino(0,8) = Taea Cr(ma(sda = pa + 1) - (for i) Y as )

If v € S, Hm,(0, s) holomorphic for R(s) > a — e, as my < 400 Va € A.

Case y € A\ {0} (~ absolute convergence)
Hin(y, s) = F(s) - Ry, ) with

F(s) holomorphic for (s) > a except for a pole of order > b at s = q,

|R(y, )I<%for%(s)>a—sandj\f>>l.
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