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A singular del Pezzo surface

Let K be a number field, Ok its ring of integers.

S = {xox3 — xoxs = xox1 + x1x3 + x5 = 0} € P}

is a del Pezzo surface of degree 4 with singularities Az + Aj.

Its associated anticanonical height is

H:S(K) >Ry, x=(x0:...:xa) [[ sup |xilu-
veQy i=0,...,4

Let U=SN({x0=x1=x=0}u{xo=x2=x3 =0} U{x1 =x2=x3 =0}).

Let X - S be a minimal desingularization. Then Pic(X) = Z°.
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Manin's conjecture for S

Manin’s conjecture for S

#{x e U(K): H(x) < B} ~cB(log B)®>, B — o,
where the constant ¢ depends on X, K and H as predicted by E. Peyre.

Universal torsor method

@ Parameterize U(K) by integral points on a universal torsor Y of X.

@ Lift the height function to Y
and count lattice points of bounded height.
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Torsors

Definition
Let S be a scheme, X an S-scheme and G an abelian S-group scheme. An
GlLY ——X
X-torsor under G is N/ where 7 is fppf and Y is locally
S
isomorphic to G xg X with its action.

Parameterization property

X($)= L Y(9/6(S)

ceH +(S,G)

where .Y — X is a c-twist of Y.
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Universal torsor for X

Let Dy, ..., D¢ be a basis of Pic(X) = Z°.
The Cox ring of X is

Cox(X):= @  HYX,0x(mDy+--+nD,))=

(nl,...,na)EZG

=K, - 101/ (o + 12718 + natiznigne )-
The universal torsor of X is an open subset of the spectrum of Cox(X):

Y::Specx( P (’)X(n1D1+--~+n,Dr)):

(nl,...,ng)eZﬁ

={mno +1oms + m3nananz} N A, o, ) C A,

where fi,...,f, are monomials.
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Integral models

K AN 5 vy Tox—5 5 U
L,
Ok Af, o> Y—X

e X is projective and smooth over Ok;

@ 7 is a universal torsor of X.

Hence,

X(K)=X(0x)= |l Y(0x)/G%(Ok),
ceH(0k,GS,)

where .Y is the c-twist of Y.
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Parameterization lemma

Since H(Ok,GS)) = CI(Ok)°®
and G,(Ok) = (0F)®,

X(K) =] Y(0x)/(0k)°

ceCO

for a system C of representatives for the ideal classes of Ok.
Thus,

#{xeU(K):H(x)<B} =

= w Z #({ye c?(OK) N U'(K) tH(w(y)) < B}/Uf()
ceCo

where U’ is the preimage of U in Y, and Ok = uk x Uk.
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Lifting of the height

If y = (y1,...,y0) €. Y(Ok), then

1
H(x(y)) = 5+ B\,
(7(y)) Mo () ygw,-:%lﬂ' §2]

where D is the anticanonical divisor of X and hg, ..., hy are monomials.

Let H'(y) := [Toea.. SUp;j-g,...,.4 |hi(y)lo-
Then

#{xeU(K):H(x)< B} =

- (#:K)ﬁ Y, # ({y €Y (00 n U (K): H(y) < N () B} /UR)
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Twisted torsors

K K 5 Y(K)—> X(K) — S(K) > U(K)
‘ U U 1l

Ox @19:1 cdegn 5 cSV/(OK) N X(OK)

Let g := 11110 + n27l + 1372770177 -
Then
Y:{g:O}\{ﬁ:...:fm:O}gA?{,

Y(K)={yeK’:g(y)=0, 3ist. fi(y)#0} =
={yeK:g(y) =0, A(y)K++fm(y)K = K},

~ 9
Y(0k)={ye @cdegfij :g(y) =0, fl(y)c—degfl T fm(y)cfdegfm = Ok},
J:

Y(Ok)={ycOk :g(y) =0, fi(y)Ok + -+ fu(y)Ox = Ok}.
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