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Abstract

An explicit formula for analytic torsion forms for fibrations by projective curves is
given. In particular one obtains a formula for direct images in Arakelov geometry in
the corresponding setting. The main tool is a new description of Bismut’s equivariant
Bott-Chern current in the case of isolated fixed points.
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1 Introduction

The purpose of this paper is to make the computation of analytic torsion forms more accessible,
exploring a method relying on a result by Bismut and Goette. We use this method to explicitly
compute analytic torsion forms for fibrations by projective curves.

Analytic torsion forms have been constructed and investigated by Bismut and the author in
[BK] (1992) using heat kernels of certain differential operators. This definition followed previous
constructions by Gillet-Soulé ([GS1] 1986), Bismut-Gillet-Soulé ([BGS2] 1988), Gillet-Soulé
([GSZ] 1991). Further constructions and extensions have been given by Faltings ([Fa] 1992),
Zha ([Zha] 1998), Ma ([Ma] 2000), Bismut ([B5] 2013), Burgos Gil-Freixas i Montplet-Litcanu
([BuFrLi] 2014, including an axiomatic characterisation) and several other articles and books.
Analytic torsion forms T, (E) are differential forms on the base B associated to Hermitian
holomorphic vector bundles E over fibrations 7 : M — B of complex manifolds equipped with
a certain Kahler structure. Their degree 0 part equals Ray-Singer’s complex analytic torsion.
Their main application is the construction of a direct image m of Hermitian vector bundles
in Gillet-Soulé’s Arakelov K-theory of arithmetic schemes. This direct image is the sum of
higher direct images on algebraic schemes plus 7. Bismut’s immersion formula for torsion
forms ([B6]) enabled Gillet-Réssler-Soulé to prove a Grothendieck-Riemann-Roch theorem in
Arakelov Geometry which relates m to the direct image in Gillet-Soulé’s Chow intersection
theory of cycles and Green currents ([GRS], extending [GS3]). The torsion form also played a
key role in Fu’s and Zhang’s proof of the birational invariance of BCOV torsion ([Z],[FZ]).
While there are many computations for the degree 0 part of analytic torsion forms, there are
currently only few explicitly known values of analytic torsion forms in higher degree: Tor-
sion forms are known for vector bundles over torus bundles ([K3]). Also Mourougane showed
T,(0)? = 0 as the value in degree 2 of T} for the fibration by Hirzebruch surfaces over P'C
([Mou]). Furthermore Bismut has shown that the equivariant torsion form of the Z-graded
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holomorphic de Rham complex of the fibers vanishes in cohomology ([B8]). Puchol proved a
formula for asymptotic expansion of torsion forms for high powers of a line bundle ([P]), ex-
tended in degree 0 by Finski ([Fi]). In [B7, Remark 8.11], the explicit calculation of torsion
forms for projective bundles was stated as an open problem with useful applications. We try
to improve the situation by proving the following result in section 10:

Theorem 1.1. Let m : E — B be a holomorphic vector bundle of rank 2 over a complex
manifold. Consider the formal power series T, € R[[X]] given by
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The torsion form for O(£) on the PLC-bundle m : PE — B is given by
T(0(0)) = e 2 BT (¢, (E)? — 4es(E)) € H*(B,R).

Our method is as follows. It has been pointed out (after Atiyah-Singer ([AS4, p. 133-134])) by
Bismut ([B1, p. 100-101}), Bismut-Gillet-Soulé ([BGS2]) and Berline-Getzler-Vergne ([BeGeVe,
ch. 10.7]) that Bismut super connections and torsion forms can be understood in a more
accessible way if the fibration 7 : M — B and the associated objects are induced by a principle
bundle P — B with compact structure group G. Bismut-Goette ([BG]) use this to describe
the torsion form in such a setting as a cohomology class which can be interpreted in terms of
a g-equivariant analytic torsion.

Bismut-Goette’s main result relates this g-equivariant analytic torsion to the G-equivariant an-
alytic torsion introduced in [K1] via Bismut’s equivariant Bott-Chern current S. The construc-
tion of this Bott-Chern current was inspired by Mathai-Quillen’s very influential construction
of a Gaufl shape representative of the Thom class (|[MQ)]). The crucial Gaufl density in this
construction makes explicit integration in our example difficult, and thus our strategy is to
replace it by an indicator function closer to Thom’s original construction (Th. 5.5). We do
this in a general setting for isolated fixed points as this construction shall be applied to more
general spaces in a forthcoming paper.

We also employ the formula for S to demonstrate the usage of the residue formula in Arakelov
theory ([KR2, Th. 2.11]) by applying it to P, in section 8. This residue formula (& la Bott)
has never been applied before as the S-current makes explicit evaluations difficult. In Theorem
9.3 we give an explicit formula for the g-equivariant analytic torsion on P*C. In Theorem 12.2,
we extend this to (g, G)-equivariant analytic torsion providing the G-equivariant torsion form
introduced in [Ma]. In Remark 9.5 we verify that the degree 0 part of the formula in Theorem
1.1 equals the known value of the Ray-Singer analytic torsion as given in [K2, Theorem 18].
Theorem 11.2 shows that the last summand in Theorem 1.1 exactly cancels with another term
in the arithmetic Grothendieck-Riemann-Roch Theorem from [GRS].

The author is indebted to the referee for a careful reading of this paper and for his comments.



2 Equivariant characteristic classes

Let M be a complex manifold. Corresponding to the decomposition TM @ C = TMO ¢
TM®! define U = U + U% for U € TM ® C. Let AP4(M) denote the vector space of
forms of holomorphic degree p and anti holomorphic degree ¢, and let 2A”(M, E) denote the
corresponding forms with coefficients in a holomorphic vector bundle E. Let X € I'(M,TM)
be a vector field such that its local flow acts holomorphically on M, i.e. X' is a holomorphic
section of THOM.

An X-equivariant holomorphic vector bundle E equipped with an X-invariant Hermitian metric
shall be denoted by E. Let V¥ be the associated Chern connection with curvature QF €
AL (M, End E).

Following [BG, (2.7)] we denote by m#(X) := V¥ — L¥ € T'(M,End E) the moment map
as the skew adjoint endomorphism given by the difference between the Lie derivative and the
covariant derivative on E. In particular, for the flow ®X associated to X and a zero p of X,
mIX(X)(p) = %‘t:ﬂ ®;*(p) € EndT,M. Set as in [BG, (2.30), Def. 2.7] (compare [BeGeVe,
ch. 7)

Tdx(FE) := Td (—Q—E - mE(X)> € A(M)

and .
chy(E) := Tr exp (——, + mE(X)) e A(M).
i
The Chern class ¢, x(E) for 0 < ¢ < rk E is defined in [KR2, Def. 2.5] as the part of total
degree deg ,, + deg, = q of
E

det (_29 + tmP(X) +id) e A(M)

™

at t = 1, thus ¢, x (E) = c,(—=QF /2mi + mP(X)). For m¥ invertible we set ([BG, (3.10)])
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The bundle E splits at every component of the fixed point set My := {p € M | X, = 0}
into a sum of holomorphic vector bundles @ Ey associated to eigenvalues i € iR of m%. Let
Ix € H*(Mx) denote the additive equivariant characteristic class which is given for a line
bundle L as follows: If X’ acts at the fixed point p by an angle ¥/ € R* on L, then

o log(1 + %)
(D, = 3 ci(L) + i + 2kmi’ (3)

keZx>

Next consider a holomorphic action g on M. Assume that F is g-invariant as a holomorphic
Hermitian bundle and that E is equipped with an equivariant structure ¢g”. The Hermitian
vector bundle E splits on the fixed point submanifold M, into a direct sum G}Ce g1 EC, where
the equivariant structure g of E acts on Eg as (. Then the g-equivariant Chern character
form is defined as

chy(E) = 3 Ceh(E)



Thus, CNhg(E) =2 CcNh(EC). With the g-invariant subbundle £y — M,, the Todd form of a
g-equivariant vector bundle is defined as

crce, (B1) _
chy (Y0 (—1)INE")

=0

Td, (E) :=

3 Analytic torsion forms

In this section we describe the definition of equivariant Ray-Singer analytic torsions and analytic
torsion forms. We simplify the more general setting in [BK] a bit for the sake of exposition, as
we shall use the torsion forms in this article only in a very restricted setting.

Let M be a compact Kihler manifold of complex dimension n with Kéhler form w™™ € A1 (M).
We choose the Kihler form such that it verifies the condition w™™ (U, V) = g™ (JU, V) (note
that [BK], [BG, p. 1302] use —w™" instead as the Kéhler form). Thus w/ ™ = 37" dwg; 1 A
dz9; in geodesic coordinates at an origin p. For U € T™'M, q € Ny, let 1y : AMT*'M —
AL N denote the interior product antiderivation. Define fibrewise an action of the Clifford
algebra assciated to (T'M, g™™) on A*T**'M ® E by

c(U) = V2(g™ (-, U)A) = V2por (U € TM).

Let Ny : A*T*M ® E — Ny map each component to its differential form degree. Consider a
holomorphic isometric action of a Lie group G on M. Consider g € G and a vector field X
induced by an element of the Lie algebra 3¢(g) C g of the centralizer of g. As above let E — M
be an X-equivariant Hermitian holomorphic vector bundle. Assume that the action of X on
(M,w) is Hamiltonian, i.e. there exists a function p € C*°(M,R) such that du = txw. This
implies X.u = 0, and for M connected p is uniquely determined up to constant. If L — M is an
X-invariant polarized variety and w := iQ2*, one can choose p := —i - m¥. With the Dolbeault
operator associated to E, set as in [BG, (2.40)]

OV, = VIO + M) + —=c(X)

acting on A% (M, ).
Definition 3.1. ([BG, p. 1319]) For s € C, Res €]0, 5[ and |X| sufficiently small, the zeta

function
-1 [ i
Z = 57 Try [ Noo — —
@ =, (( !)o

cexp(—Lyx — (C’%tf) — Trf.(M’E)(NoogeX)> dt.

is well-defined and Z has a holomorphic continuation to s = 0. The (g, X)-equivariant complex

Ray-Singer torsion is defined as Ty x (M, E) := 2 w0 Z(5).

The g-equivariant torsion Ty(M, E) | was defined in [K1], and Bismut-Goette’s Definition extends
this such that T, (M, E) = T,0(M, E).

Definition 3.2. ([BGS2, Def. 1.4]) Let 7 : M % B be a proper holomorphic submersion
of complex manifolds M, B. Let TZ and TZ' denote the vertical tangent bundle and the
horizontal distribution othogonal to it, respectively. Suppose that there exists a closed 2-form
w € A (M) such that g"% = w|; e (-, J-) is Hermitian. Then (m,¢"#,TZ") is called a
Kahler fibration.



For b € B set Z, := 7 }({b}). For any U € T,B we denote by U € (TZ,)* C TM the
horizontal lift to the orthogonal complement of the vertical tangent space. Let ¢g7? be a metric
on B, inducing V7). Set VIM .= V(TZ%) g V77 with torsion T € AYN(M,TZ). Set
Wl e ALY(B) @ C®(M), (U, U") = w(U™, U™, THU,U") := T(U",U'™). Let E — M be
an Hermitian holomorphic vector bundle. Let F' — B denote the co-dimensional vector bundle
with fibre

Fb = FOO<Zb, A'T*O’le X E’Zb)

and connection Vs := VAT 288,
Definition 3.3. ([BK, Def. 1.8]) For t € R", the number operator Ny € T'(B,A*T*B® End F)
is given by
iwH
Nt = NOO _ .
t
The Bismut super connection on F'is defined using the Clifford operation c of the T'Z component
of T on A*T*%1Z as
Bt = VF + CfTH’t.

The operator B, is formed as an adiabatic limit of the Dirac operator on M. As differential
forms on the manifold B, the summands have the degrees 1,0, 2.

Definition 3.4. ([BK, Def. 3.8]) Set A(B) := @, AP*(B)/(im -+im d). Assume H*(Z., E|,) —
B to be vector bundles. For [Res| < 3 set (regularized as in [BK, (3.10)])

Z(s) = F_(i) /OOO2&‘(”_1(27ri)_N°"/2

: (TrsNte—B? - TrsNooe—QH'(Z"g’) dt € @A (B).

p

The analytic torsion form associated to the Kahler fibration m and E is defined as T,(E) :=
Z'(0) € A(B).

In degree 0 one gets T, (E)" ‘b = Tia(Z, E| Zb) with the Ray-Singer torsion on the right hand
side.

Examples 1) ([K3, Th. 4.1]) Let E — B be an Hermitian holomorphic vector bundle of rank
k, A C E a Z*-bundle with holomorphic local sections. Then 7 : M := E/A — B is a torus
bundle. For Res < 0 set

L TRE1-9) @R
) G e & (T < @)

AEA
A£0

Then T, (0) = % € A(B). A Kéhler fibration condition is not necessary.

2) Mourougane considered Hirzebruch surfaces
7:F,=PO(-k)® O) = P'C

and obtained 0 as the part of 7(O) in degree 2 ([Mou, p. 239]).



4 Bismut’s equivariant Bott-Chern current

The equivariant Bott-Chern current has been introduced and investigated by Bismut in [B2],
[B4]. In this section we briefly cite some of its properties following the presentation in [BG]. In
the special case of isolated fixed points we shall necessarily obtain these results independently
in the next section to obtain our expression for Sy. Let M be a compact Kéhler manifold acted
upon by a holomorphic Killing field X. Denote ([BG, p. 1312, Def. 2.6])

dx :=d—2mity, Ox :=0—2mitxo1, Ox =0 — 2mitx10.

The holomorphy of X implies 9% = 0, 9% = 0. Notice that d% = —27iLy.
Let N§ denote the dual of the real normal bundle of the embedding Mx — M. Let ([BG,
Def. 3.5]) P)]}{MX be the set of currents o on M with wave front set included in Ng, such that

« is a sum of currents of type (p,p) and Lya = 0. Let P% }&X C P%MX denote the subset

consisting of those a = dx 3 + Ox /3, where 3, 5 are X-invariant currents whose wave front set
is included in Nj;. We shall use the notation X” € T'(M,T*M) for the metric dual of a vector
field X € I'(M,TM). Set ([BG, p. 1322, Def. 3.3])

p wI™M . OxO0x —w ™\ BG Prop.3.2] w™ . J X’
= X = X — .
t 27t P 2wt 2w 27t P ax Aot
wT™ 1.d(x" 1
= — - — X117 ). 4
o () = S @

Then ([BG, (3.9)]) there is a current p; € Py, such that for ¢t — 0" and any n € (M),

1 wI™ /27 wt™
o= / : + / : +O(t). 5
/Mn : 3 e vy Rl ML B e (t) (5)
By equation (4), FnQ(s) = ﬁ floo( J3y nd)t* " dt is well-defined and holomorphic for Res < 1

([BG, (3.13)]). Similarly equation (5) shows that

R = [ aoeta

is well-defined for Res > 1 and that it has a holomorphic continuation to s = 0. Thus one

can set ([BG, p. 1324, Def. 3.7)) [, nSx(M,—w™) := Z| _ (F!+ F}). By [BG, Th. 3.9]

Sx(M,—w™) e P"y, . By [BG, Prop. 3.8] or [B4, Prop. 2.11] one gets

/ nSx (M, —™)
M

B /1/ d CL)TM 5 CL)TM dt
—Jo M77 ' 21t Coop,x (Nary /a1, g77) M T e )

dt WTM CL)TM
+ dy)— —/ - T'(1 / .
/1 (/M77 % 13 Mxn27TCtop,X(NMX/M79TM) @ M77 2r !

According to [BG, p. 1323, Th. 3.6] (or [B2, (40)-(49)],[B4, Th. 2.7])

wTM

2T

P1= (C‘;;,Xy(NMX/Mv gTM)5MX (6)



up to currents in P% }&X. Thus when 7 is a dx-closed form,

/ nSx (M, —™)
M

w™ dt

1
_ d, — Sare — (e V(N LAY I e
/0 /]\/In ( ' 27TtCtop7X(NMx/MagTM) Mx (Ctop,X) ( Mx/M> 9 ) Mx t

+/ (/ d)dt / w™
1 MT/ ! t MXn27rCt0p,X(NMx/MagTM)

“I(1) [ e ) Ny arsg™), @
Mx
By replacing the first integral by lim,_,o fal and using fal Z+1=1 fal 4 = —loga, [ e/t% Ree<0
e°21 (and the variant of the last equation for [Felt A m > 0) as in [KR2, p. 96] this
becomes
—W™ 1 — exp(dyX-
/ nSx (M, ~w™) = lim / n— . p(Xjf iria)
M a—0t M 27T de

+ /MX n ( —w pisTy + (loga — r’(1))(c;);X)'(NMX/M,gTM)) ) (8)

27 acsop, x (Nary /s

We shall need in the case of isolated fixed points a sharper version of equations (5), (6):
Jarn-de = [y, n(ciop x)' (TM) + O(t) for any smooth form 7 (Lemma 5.4) and not only for
dx-closed forms.

The dependence of Sx (M, —w?™) on w™ is analysed in [BG, Th. 3.10]:

Theorem 4.1. [BG, Th. 3.10] For Kihler forms w™ w™ on M and the induced metrics
'TM TM
979" on Ny u,

—~—

Sx (M, = ™) — Sy (M, ™) = —ci} « (Nary a9 ™, ™) - Sai

. M M.,0
in Py, / Py -

. . . . /
An important special case arises when rescaling w ™ = 2wT™: We shall use the nota-

—_—

tion «l? for the part in degree ¢ of a differential form a. Because of ch(E,2hE hF) =
- lg—2] -

(ch(c,c2| 2,1 - P)ch(E, hE)) " by [GS3, (1.3.5.2)] and ch(C, 2| - 2, - |?) = —log® ([GS3,

(1.2.5.1)]), one finds

chl(E, *hf hF) = —logc® - ch(E, hF)la—?
0 Qr
= —logc® =| b9 | —— +tidg ).
T t:OC ( 2m+ l E)

Thus this relation holds when replacing chl by any other polynomial in the Chern classes, in
particular

_C;)L,X(NMX/M7 C2gTM7 gTM) = log - (C;);,X)/(NMX/M7 g
This way Theorem 4.1 implies a useful formula for the dependence of S;x on ¢, which we shall
verify independently for isolated fixed points on the level of currents in Corollary 5.6:

TM)'

7



Corollary 4.2. Let Ny, : A*(M) — Ny denote the number operator. Then
NP (M, —w™) = Sx (M, —w™) =log ¢ - (crop, x)' (Narxjar: g™™) - Onr

in PY, /PYar. -

Note that P)j}{ My ,PX M, are invariant under rescaling of X.

Proof. When replacing w™ by ' := bw™ with b € R*, the corresponding form d} is given
by d; = d;/,. On the other hand when replacing X by X := c¢X with ¢ # 0, the associated form

d; equals
~ wi™M 1,cdX’ ¢
d, = - — | X2
L= e (O - Sixp)

TM b

wM/e 1 dX°/c 1 9
X

“ ont/e eXp(t/c2( L)

= C*Noo/2*1dt/62.

Thus S.x (M, —w™) = ¢=Nee/2718 (M, —c*w™ ) and the result follows from Theorem 4.1,

2 TM ,TM

NS (M, —w™) — Sy (M, —w™) = —c; L (Nary ynr, g™, g™ - Gy

]

Remark 4.3. If M is compact, its Lie group of isometries is compact and thus the closure of
the subgroup generated by a Killing field X is a compact torus 7. Thus in this case 1 can
be made X-invariant by taking the mean value 7j|, := — [ (y"n)| , @vol,. As the equivari-
ant Bott-Chern current is X-invariant, one can make the substitution [, nSx (M, —w™) =
Joy 1Sx (M, —w™) and thus always assume that Lyn = 0. The condition dxn = 0 then is a
cohomological condition.

5 A formula for the equivariant Bott-Chern current

As in the last section M shall be a compact Kéahler manifold and X a holomorphic Killing
field. For all of the results in this section, M can as well be any compact subset of a (possibly
non-compact) Kéhler manifold M and X can be a holomorphic Killing field on M without any
zeros on M, when TM, dvoly;, A(M) are replaced by TM, dvol ., A(M).

We assume that the zero set Mx =: {py € M | £ € J} of X has dimension 0. Set

ax’
vi=——

4
(while for large parts of the results it could be any differential form of degree 2).
Choose R small enough such that the connected component By of p, in {¢ € M | || X,| < R}
can be covered by a chart and such that B, does not contain another zero. For a fixed ¢ € J
we shall denote the corresponding coordinates by x, chosen such that z = 0 at p,. Let || - [|euc;
dX denote the euclidean metric and the Lebesgue measure in this chart.
Part (2) of the following Proposition gives a first estimate for the right hand side in equation

(8).

Proposition 5.1.



1. There exists co € R such that for all s € Ny, s <n,a>0, meR

/a_m||X||_256_21a”X”2dvolM < coa" ",
By

2. For a — 0% and any n € A(M) with degn > 2,

— | 0
sIXI2 s, ( 1X112)"

| 1 (e Lix| 1)
[
By

(gl X))~

—gixp2 e GIAN)
Z/B IXII +Z/ Y i O

In part (2) the summands on the right hand side converge for a — 07. In general the summands
on the left hand side do not converge.

Proof. 1) Choose ¢,C' > 0 such that c¢||z|lecua < || X]||, and dvolyy, = f(2) - dX with |f| < C
and, as defined above, d\ being the Lebesgue measure. Then for 0 < s < n,

HXH728dV01M < / (CH'THeucl)ikcd)\ < / (CHxHeucl)i%Cd)\
be Be CHI”eucl<R
C 2n—1 R on—1—2s C o1 R2n725
= CTVOI(S ) - /0 r dr = CTVOI(S ) - T (9)
Similarly,

2
X 25 =34 I1X1? dV01M</ (CHx||euc1)_286_%Hz”g“dC'd)\

By

Ca"™* 1 )12
= / (C||x||eucl) 2 € QaHxngudc dX\ = a2n / 2s 6_% d\
” ¢ R2n Hx”eucl

The integral on the right hand side exists by inequality (9) (or, of course, classically). Thus
there is a constant ¢y depending only on ¢, C,n and s such that

By

HXH’ZSG’i”X”deolM < coa" ",
By

As s varies over a finite range, ¢y can be chosen independently of s.
2) For || X||*> # 0 Taylor expansion shows

e s—1

1 v
—sllX ||X||2 Zl 2||X||2 N ; (1X12)e
where the sum is finite, as v has vanishing degree 0 part. Additionally expanding exp shows
v-3l x|
l—e " / 12 s (B
n— = 1 — € 2a ~a’Z
/Bf EENE Z HXH ( 2
(S -t X2 o e V(LX)
ey ’]’] _—_— —|— [& 2a . .
[ (S L5

where summands with s+m > n are vanishing. For s < n, the integral over the first summand
exists by inequality (9). For s < n and a — 0T, by part (1) the integral over the second
summand converges if s +m < n and it equals O(a) for s +m < n. O

9



Choose an oriented orthonormal base of T, M with

wxl, = (" ) =a

In the corresponding geodesic coordinates,

Xm = Az = (—191I2,191(L’1,...)t,
)(b = 191(—x2dx1+$1dx2)+---+0(HxH)

and dX°| = 2 0drs; 1 Adoy.
j=1

w

Proposition 5.2. Define a, via (7 A V”_1)|p£ cagdvolyy. If ) = n A “5—, then

[0]

. Tlpe 2
e = 2n—Tyol(S2n-1) ctopX (TM) Hﬁ

Proof. With wTM‘p[ = >y dwgj 1 A duy; we get

WTM dxo\ "t
2m ( 4mi )

1 1
= Y\ — n— Z 9. H ﬁj ’ d>\
(2¢)n—1vol(S2n—1) = v, ey

- 2n—lyol(S2n—1)

Coopx) (TM) T 03 - dA.

J

]

The next Proposition further simplifies the terms in Proposition 5.1(2): (1) computes a limit
for the second summand on the right hand side, and (2) simplifies the second summand on the
left hand side.

Proposition 5.3. As a — 0% the following estimates hold:

1. Forn=s+mand 0 < s<n

f] /\ anl 7i”X”2 VO].(SQn*l) 277,71
€ 2a =ay - + O(a).
|, etz e m oW

2. Forn=s and B)(a) :={z € B, | | X.||* < 2a},

n—1

nave! (—AHX\P ) / - v
A (eI 1) 4 A
/Bg (lX[1%)" BBy GIXIP)"
n—1

/ - (emser - 1)+/ i e

—= T]— 6 2a 7’]—6 a

o GGIXR)" BBy (512"
VOl(SQn D)

n—1y1v
e 2"11(1) + O(a).

10



We shall use the notation B#'(x) C R*" for the euclidean ball of radius R and center z.

Proof. Replacing the radius R by a smaller number does not affect these statements, as this

causes the left hand sides to change by O(a_me_};*j). Expanding the metric on M in geodesic
coordinates at py as (-,)|, = (-,-)|, + 8 with 8 = O(||z|]*) and X, = Az, one gets || X,||* =
|Az||2 + B(Az, Ax) = ||Az|]2 + O(||=||*). As A is invertible, we can choose R > 0 sufficiently
small such that ¢ > 0 exists with ||| X,||* — ||Az||2] < ¢||Az||§ on {z € By | | X,|| < R}. Then
replace R by a smaller value such that c[|Az||§ < 3||Az||§ on {x € B, | [|X,|| < R}. By the
mean value Theorem |y~* —y5°| < |y —yo| SUD|;_yq<|y—yo) St ° " applied to y — y~*, one obtains
for se R§, x # 0

X7 = [Azllg®| < c]|Aallg sup st =2 s([|Az[lp) . (10)
sllAz|g<t<3| Azl

The same way, for s > 0
1|23 X — | A3 212l

1
_t—s)

< c||Az|; sup e (st 4 o

1 Ae|Z<t<2 A3
25— 1

ce b8 (20 AnlR) >+ 2y (1)

Applying Proposition 5.1(1) to the right hand side of equation (11) shows that one can replace

| X[ by [[Az(lo in the integrals fBe %6’i“x“2 form+s<n,0<s<nuptoaterm
2

O(a) as a — 0F. Similarly for B)(a) := {x € R*" | ||Ax||2 < 2a}

1 y=Az 1 1
——d\ = ———dA
/{:L’||Az|(2)<2a} (|| Az g1 | det A B22_(0) lyller—2

vol(§2n-1) V2
_ —|c(letA|)/0 rdr = Ofa).

n—1

combined with (10) provides this replacement in fB,,(a) ﬁ(lﬁxnan (efﬁllX\P _ 1) for the remain-
0 3

ing factor-(—1)-term.

Furthermore the integration range Bj(a) can be replaced by By (a) for m+s=n, 0 <s < n:
One has {x € B, | ||Az|]2 + ¢||Az||3 < 2a} C Bj(a) C {x € B, | ||Ax|]2 — c||Az||§ < 2a},
where [|Az|j < & on By Thus one finds (Bj(a) \ By(a)) U (B}(a) \ Bj(a)) C {z € By |
| Az |3 — 2a| < ¢||Az||§ and ||Az||3 < & }. The solutions Ay = ||Az]|o of ||Az||} £ ¢||Az||§ = 2a
verify |A+ — v/2a| < ca’/? for a sufficiently small. Then integrals over the difference between
Bj(a), Bj(a) are bounded by

/ @ (| Az|) e HIel8 a
{z[[| Az[|§ —2a|<c|| A=||§}

</ a (|| Az2)~* dx
{zll| Az||§—2a|<c|| Az||5}

V2a+c a3/?

V2a—c'a3/? if s<n
V2a+c'a3/? 1 s=n

_ T.2n—25
vol(§2+—1) | & s

| det A

logr‘

2a—c'a3/?

11



= O(a).

Similarly replacing the integration range B, by {x € R*" | ||Ax||2 < R?} causes a difference

2
equal to O(a~™e™5a).
1) Forn=s+m,m>1and a— 0"

2
/ ;26 2a||A95||0 d\ y::Am 1 1 . 6_% I
talastg<rry " Al et Al S o) @™l

2
vol(S2n=ly [R 2 u=r vol(S?Y) [ 2n—2-2s
-~ 7 n—1=28," 34 d e S V 2 u d
a™|det A| / " ‘ " a™|det A| aveat o
vol(S?n~1) 2

= —=  _Jom~lm 1) 4 Ofe 2a).
et A (m—1)I40O(e™>)

2) Let Ei denote the exponential integral function given by Ei(z) = — [ oo — “dt for z € R™.
For s = n, m = 0 one finds

2 llAzld _ 1
/ ez—n d)\
{z||Az|2<2a} ||A37||o

Yy 2 7‘2
y=Aaz 1 S D — vol(S?n—1) /‘/T e 2 —1 i
| det Al Jp2 o) [lyllE"” |det A Jo r
2 2n—1 1 _—u 2n—1
u=5 vol(S*" )/ e v —1 vol(S*"~1) )
= duy = ——2(I"(1 Ei(—1
et Al Jy 2w T Qaera; & W HEI=L),
-5 |1Az|3
/ S
{z[2a<||Az||2<R2} | Az||5
yl3 ”
_ 1 67\‘2!0 d)\ VOl(S2n_1) /R 67% d
—= —_— — r
| det Al B3 (0)\B_(0) lyllg" |det Al Jyzq T

w2 yol(S21) B e yol(S§2 R?
e O ) i) — Ri(-1)).
1

Cdu="0 (g
| det A] 20 M= Saera) Filg,

Using |det A| = []}_, 97 the Proposition follows. O
Now one can verify as a refinement of equations (5), (6)

Lemma 5.4. Fort — 0" andn e (M), [\, n-di = [, n(cip x) (TM) +O(t).

wTM de
Ne—exp | — — =
[ e (M x H>

™1 (dx\"
[ g ) e+ 0()

Proof. One finds

2mt™ (n — 1)1 \ 4mi
Prop. 5.3(1 PA 1vol S2n—1)
p-5 Z a 7 + O(t)
teJ J 177

12



]

Theorem 5.5. Let X have isolated zeros. For a — 07, Bj(a) = {z € B, | || X.||* < 2a} and
n € 2AM),

[<2n—2]
T™ 1
Sy (M, —w™ :/ “
I A T - 2

41

dx’ 1 "
o 5 ()
M\Uye s Bi(a) T i

(loga — 2U'(1) — Hy_y) /M n(eid Y (TM) + O(a)

where al<?"=2 denotes the part of degree less than 2n — 2 and H,_1 is the harmonic number as
ineq. (1).

2
v— X

=o(e” ) for a constant C’ > 0 depending

Proof. On M\ ; B, ‘fM\UZeJBg y_fﬁxwe

on a lower bound for || X|?| MU, B, O Be one gets according to equation (8) (generalized to
this situation by Lemma 5.4) and the previous Propositions

T™ X°
5),Lemmab5.4 W eXp(dX 7rza) —1
/ nSx (M, —wT™M) OHhe / n—=—- s
M M 27 dX Iri

+loga=T'(1) | nleighx) (Nasy . ™) + Of)

Mx
™  n—1 X2
Prop. 5.1(2) /nw 1% (1—6 2a )
B, 2T GIX[>)r

ST 1 [<2n—2]
[
g, 2m \\glIX[2—v
n—1 (1 2\ —n+m
—x)2 n—1 (§||X|| )
e ZW

m=0

+loga=T'(1) [ nleih ) (Narejar:a™) + Oa)

Mx

Prop. 5.3 / WTM V" 1
M\Upe, Bty 2™ (51X11%)
WwITM 1 [<2n—2]
“J,75 (=)
2 \GIX[2—v

(3 L)

13



(loga — (1)) /M n(ed o (Nare ™) + O(a).

Using the value of a, as given in Proposition 5.2 finishes the proof. n
We check Corollary 4.2 at this point:
Corollary 5.6. Assume that X has isolated zeros. Then
N PPS (M, —w™) = Sx (M, —w™) =log ¢ - (coop x)' (Nazxjnr: g™™) - Onr
in P, /Py,

Proof. Consider 1y € @, A(M) and set 1, := t~N=/2n =3~ t=9/?nld for t € R*. By Theorem
5.5,

/ M (tNEZ" StX(Ma —WTM)) :/ ntStX(Ma —WTM)
M M

[ g™
‘Z/M" 2r  GIX[2y
+¢n! / o LA
M\Upe, Bitasery 27 (31 X2

- (log;i2 +logt® — 2I7(1) — Hp )t ™!

~—

- (eoh ) (TM) + O(a)

X

S~

- (crb x) (TM).

top, X

gt / mSx (M, —™) 4 log(2)t !
M

X

When dxn, = 0, then d;xn; = 0.

6 The equivariant Bott-Chern current on the projective
plane

Consider the line bundle £ := O(1) on the projective line M := P'C with the chart

Y :)0,27[x] —7/2,7/2[ - P'CCR?
COS U COS U
(v,u) +— cosu sinw

sinu

In these coordinates, the complex structure J™™ is given by JM % = cos u%. As before, let

Q™™ denote the curvature of TM, which in this case equals the curvature tensor of M. For

any SO(3)-invariant metric we find —Q™ (2, 2.0 — cos? - 2. Thus the Fubini-Study form

W™ = 27m¢; (O(1)) = wey (TM) = 5 J™MQ"™™ s given by wTM(%, L) =<t Then
™
vol(P!C) = / Yo
PlC 2m

14



2

Consider the circle action induced by the vector field X := 2. Thus, || X||* = €% and

m™ =V X —ginu - J™,

As TM = O(2) as SU(2)-equivariant vector bundles, we find m®® = Lsinu for the corre-
sponding su(2)-action.

Remark 6.1. When instead considering the action of u(2), there is an additional non-trivial
constant action of multiples of idg2 on O(1), which induces a constant summand for m®W),

We shall not do this in this paper.

o)

For p:= —im one finds

1
du = 5 cosudu = tx(w™™)
as in [BG, (2.4)], except that the sign of w™ is chosen differently.
Let n € C°(P'C,C). Thus in the above coordinates 5- [ n|¢uy dv depends smoothly on u
and thus on sinu. Assume that the moment map of X on O(1) at the north pole is given by
mPW = % Hence it acts by m" =4 = i on TM = N at this point. Thus for the normal bundle

N — {p} at any fixed point p, one has (Ct_();,tx)'(w) = %p;(ﬁ) Do cl(N;)JrM = (Z-;gl)z = t%

Theorem 6.2. Forn € C*(P'C,C) set

g(sinu,v) := 77|(Z) and g(r) = — 5

1 2w -
JREEEC P
2w Jo

2

Then fMX U(C@L,txﬂTM) = 20 4nd

/ T]StX (M, —CL)TM>
M

_ / <2§(r>_2§<1>> T gt —or1)) . 2.

e 2 ) 1—2 12

Proof. The equivariant Bott-Chern current S is X-invariant. It switches sign under the isometry
ro (0 = (7)), as X is r-invariant and r*w'™ = —w?™ . As r changes the orientation,
S () Sx (M, —w™) = [, nSx(M,—w"™). Hence in the integrals n and g can be replaced
by their mean value 7, g over the compact orbit of these symmetries. Let 7y := g(1) denote the
value of 7 at the poles. Applying Theorem 5.5 results in

/ nSix (M, —wTM)
M

~ _ U.)TM 1 -n ~WTM 1 -n
= [a-w (ghexe) + [ (Gler)
M @ M\U, Bj(a) T

F(loga — 2T'(1) — Hy) /M ek oV (TM) + O(a)

7r/2 t2 2
= [ (@i - 1) ST 2rda
—7/2 7
cos’1¥ 2

cosu t?cos?u.

+/—c0512\f§(1) 4 ( 4 )

15
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+(loga — 2I"(1)) - 25(1) - 72 + O(a).

Using the substitution r := sin v in both integrals on the right hand side, we get the expression
in the Theorem as the second integral equals

Visda/t o dy 4 4a 2.
g(l) - ——— = —g(1) - =Artanh /1 — — = g(1) - = log— + O(a).
o0 [y = ) e 1= =600 s+ 0()

]

The expression in Theorem 6.2 can be given a more combinatorial form for n analytic. For
m > 0let H,, = Z;“:l % denote the harmonic numbers as in eq. (1), in particular Hy = 0.
Theorem 6.3. Set p(r)# := > ¢ (2Ham—1 — Hm-1) for any complex power series ¢(r) =
> oo emr?™. Assume that §(r) is analytic at r = 0 with radius of convergence > 1. Then

23(r)\* 25(1)
/ nSix (M, —wTM) = — ( 2 ) + (logt* — 2T(1)) - TR
M
Proof. The integrands Laurent expansion by ¢ in f_ll (2519) — 2%”) . lﬁz provides integrals of
the form )
d 2 2Hom—1 — Hom— >0
[t oy [ Ty
1 1—r j:12j—1 0 m =0
for m > 0. The result follows by Theorem 6.2. O]

For the computation of the torsion form we shall need the following variant.

Theorem 6.4. Set p(t)* :== " 0m(2Homs1 — Hm )t*™ for any complex Laurent power series
o) =D omt™. Forn € C*(P'C,C) define g,g as in Theorem 6.2 and set () =
77 (arcsin(tsinu)) fO?" t 6 [_1, 1]

1. fMX Ut(ct:i),tx),(TM) =20 and

$2

/ WtStX(Ma _WTM)
M

= /1 <2§(t7") B 2§(t)) dr + (log 2 — 2T7(1)) - 2§(z€)‘

L\ 2 2 ) 1—1 2

2. Assume that g(t) is analytic at t = 0 with radius of convergence > 1. Then

| w01, =) = - (%

t))* + (logt? — 2I(1)) - 2(1)

t2

— - ( /| ) m(cm;,m)'(TM))* +(log#* —2r'() | (G (TM).

Proof. This follows immediately from Theorems 6.2, 6.3 by replacing n with 7, and using

- * - #
() - ()" D
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7 The defining property of Sy

The equivariant Bott-Chern current verifies the critical relation

Theorem 7.1. ([BG, Th. 3.9]) Using the inverse of the equivariant top Chern class, the

identity ~
Ix0x T™ -1 (N
i SX(M7 —w ) =1- Ctop,X(NMX/M)(SMX

holds.

In this section we shall quickly illustrate how this relation can be seen using the formula in
Theorem 6.2. Because of

<8X8X

21

[0]
Tl) — 27T7:7’][2}<X0’1,X1’0) _ XLO.T][O},

when setting n =: fiw?™ + f, with fo, fi € C°°(M), Theorem 7.1 translates to

i [ W™ XN XSO, ) = [ (12)
M M
- [0 sy O™ = = [ W) (13)
X
In the coordinates u, v as above, X' = (£ — jcosu) and 2miw™ (X, X10) = Z cos®u.

Assume w.lo.g. that fi and X' f; are invariant under X and under () — (7"). The X-

invariance of X0, fy is in fact equivalent to the X-invariance of fo, as the equation 2 “fo=0
for the real part implies 3 X 5.fo =const.. And fy is periodic in v, thus 2 50J0 = 0. Now with

gi(sinu) = gfﬂ(:j)) cos® u, gi(£1) =0

as in Theorem 6.2, equation (12) is equivalent to

271_2/ fl XOl XlO)S (M, —(.UTM)

1 27 7r/2
:/ 201 (r / / cosudu/\dv:/ fi-w™
-1 /2 2 M

The real part of X0 f, = 1 8f° — %cos u - % does not contribute because of the X-invariance
of X109 f,. Setting as in Theorem 6.2

—tcosu  Ofy

Go(si = . go(x£1) :=
dofsin) = 0 I gy
one finds
w/2 af[)
_/ (Xl’o-fo)SX(M7 —wTM) = / 1— du
M —r/2 ou
L /2 , —7/2
By
Using Ct_oLX(NMx/M)‘N =1=— CtopX(NMX/M)‘ = —1 = i, equation (13) and thus the

equation in Theorem 7.1 follows.
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8 The height of P},

One of the applications of Bismut’s equivariant Bott-Chern current is a residue formula (in
the spirit of Bott’s formula) in Arakelov geometry ([KR2]). In this section we verify that the
formula gives the correct classically well-known value for the height of the projective plane over
Spec Z. We refer to [S] for the concepts of Arakelov geometry and for the associated notations.
By [S, p. 70], the helght of the projective plane f : Py, — Spec Z with respect to the line bundle
L = O(1) is given by deg (f.¢1(O(1))%) € R in terms of the Arakelov characteristic class &
having values in the Gillet-Soulé intersection theory CH (PL). Let T := Spec Z[X, X 1] be the
one-dimensional torus group scheme and consider its canonical action on P}, with fixed point

scheme consisting of two copies of Spec Z. Let r denote the additive characteristic class which
is defined in [KR2, p. 90| as

J

Ty = —Z <—2F'(1) + 2log |¢| — Z %) € H*(Mx)

j>0 k=1

for L a line bundle acted upon by X with an angle p € R at p € My. According to the residue
formula in Arakelov geometry proven in [KR2, Th. 2.11], the height can be computed using
equivariant Arakelov characteristic classes ¢; 4, ¢iop+ and the normal bundle N as

/e\ e (OM)2) = /e\ Tél(o—m
deg (f.21(O(1))7) = deg (f* Cropt (V) )

+ % /Plc Q,X(WVSX(PIC7 _wTPIC) N %/PlTC CI’X(O(l))Zéj)((—JER[)‘ )

Classically, at the fixed point subscheme ¢ (£) = ¢ (N)/2 = 0, thus the arithmetic term on the
right hand side of the residue formula (14) vanishes. At a fixed point p let tX act by an angle
¢ on O(1) and by an angle ¢ on N. In our case the angles ¢ and 1 at the fixed points are given
by +££ and =+t, respectively. As in [KR2, p. 98],

1/ 2 TX<N) 1 Clx(ﬁ)Q
— = ax(L)yf————— = —— VY e (N
2 PLC 1x(£) Ct0p,X<N) 2p€P1TC Ct0p,X(N) x(N)
! )+10g|19| i 1 )
——— + —logt°.
; Hﬂﬁz 9 2 1%
p

According to Theorem 6.4 we get with 7, = (m(tX))? = —& sin?u and §(t) = —1¢2

1 1 1 1
5/ T]tStX(PIC, —CL)TP C) = 5(1 — 5 IOg tz + F/(:l))
PlC

Hence the residue formula in Arakelov geometry [KR2, Th. 2.11] states in this case

1

deg f.&1(L)? = 5 (15)

which is the well-known classical value ([S, p. 71]).
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9 Lie algebra equivariant torsion on P'C

We employ the following special case of Bismut-Goette’s main result:

Theorem 9.1. (/BG, Th. 0.1]) For |t| sufficiently small,

T.ix (P1C,O(0)) — Tiasx (P'C,0(0))
_ / Td,x (TPTC)chyx (O(0))S,x (P1C, —wTP'C)
PlC

_ / Td,ox (TP'C)chyx (O(0) Iix (Nprc, ).
(P1C)x

With the angle 9 of the operation of g = e on T,M at the fixed point p, ¢ # 0, we get

Trg” 2 : log(1 + Qﬁk)
TdetX(TM)ChetX(E>[tx(TM)|p det(]_ _ (gTM)—l) m
keZ\{0}
9

By [B3, (20) (appendix)], for 0 < |tJ] < 27 the last term I;x (P'C) equals

10g<1 + 27rk Ztﬁ)
Z 1t + 2kmi Z Fon
keZ\{0} m>

m odd

using the harmonic numbers as given in eq. (1). For M = P1C, TP'C = O(2), 91V = £1/2
at the fixed points we get for the second summand on the right hand side in Theorem 9.1

/ Td,ox (TM)chox (O(0)) Ix (TM)

izt€/2 :tlt) COS )m
16
— eFit Z; Hm zsm Z Hm (16)
7:7,nodd modd

Proposition 9.2. For M = P'C, t # 0, the first summand on the right hand side in Theorem
9.1 1s given by

/ Td,x (T )chyx (O(0)) Srx (M, —w™)

1 (v cos (¢41)tr cos (L41)¢ dr COS (4+1)t
2
= /_ ( — 2 — 2 : =12 + (logt® — 2I'(1)) - —2

1 sin & sin 5 tsin 3
(e+1)ty\ * (e+1)t
cos ~—5>) ) , oS
= — | —F logt= — 2I"(1 —.
< tsin & ) + (log (1) tsin &

Proof. Setting m* := m®W the X-equivariant classes are given by

2 L
n = Tdx (TM)chx (O(¢)) = Lewmﬁ + terms of higher degree.

1— 672tm£

Thus we get
1 iite:ﬁ:itﬂﬂ

Tdix (TM)ChtX(O(E»(Cto; ix) () ‘p T2 ] Tt
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and henceforth
(e+1)t
— COS CE

[ T (T (O(6)) ) () = 52
My tsin 3
Remember that by its definition via the integral [,, n A d;, where d; as in eq. (4) is a form of
degree 2 and higher, in this complex-1-dimensional case | 1S;x (M, —w™™) only depends on nl0)
tcos((zgl)t)

25in(%) ’ H

for any form 7. Hence the result follows by applying Theorem 6.4 with g(t) =

Theorem 9.3. For 0 < t < 2w, the value in Proposition 9.2 has for { — 400 an asymptotic
expansion given by

/ Tdyx (T chyx (O(0)) Suxe (M, ™)

(e+1) (Dt (4+1)t ’
— COS ~——+— sm—-——cos—- I"(1) — logt 1
sn—

tsin &
Note that log(¢ + 1) = log £ + O(3).

Proof. We decompose the integral in Proposition 9.2 as

/ L (rcos —(“21 Jtr _cos —(Zgl)t dr
1 sin & sin £ t(1 —1r?)
L cos (Hl) — cos (H—zl)t ! r 1 cos (”21 Jor
= — dr + — — 7 |- > dr.
1 (1 —r?)tsin g \sing  sing /) t(1—1?)

For |t| < 2m, the factor f(r) := (smi S t) . 1 777 in the second integral on the right hand

sin b

side is smooth on r € [—1,1]. Partial integration shows

! r 1 Ccos —(”21)”
sinZ  sint) (11— dr
-1 2 2
2 . (L+Dr 1 2 /1 (04 Dtr
p— 1 —

BRI A WA I sy 2

- f'(r)dr = 0(1/0).

To estimate the first integral on the right hand side, we represent it as twice the integral over

[0, 1], = = 11 2 4 11 J/j and use the trigonometric addition formula for cos 2= (Hl)tr =
cos (MH)W_I) + (“;)t) Let Si and Ci denote the sine and cosine integral functions, respec-
tively, which are given by Si(z) = [ ®2t dt and Ci(z) = — f;oo sl gt for x € R*. Then the

above integral equals

2
1 (T—r?)tsint

n EEDE (04 1)) — cos DL (T (1) — Ci((€ + 1)t) + log((£ + 1)t))

t

dr

{41)t {41)t

t sin

2
_ sin GEUE 1 coq (EDE (. F’(1)+log((€+1)t))+0(l)
7

t
t sin 3

(Z+1)t

Adding the term (log#? — 2I"(1)) - from Proposition 9.2, one obtains the result. O

tsm 5
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By iterating the partial integration, one can extend this expansion to arbitrary negative powers
of £+ 1.

Theorem 9.4. With respect to the action of the vector field X € T'(P'C,TP!C), the X-
equivariant torsion is given by

— cos (Hl)t (—1)"z ¢m
Taux(P'C,O(0) = —? > (2 (=m) + Hu((—m)) -
m>1 ’
m odd
le+1] . ¢ (e+1)
sin(2m — |[¢ + 1)z cOos 2~
L Samen et )
— sin 5 tsm 3

where (t*™)* := t*™. {2?{2%61_%” if ™=° (as in Theorem 6.4) and H,, is the harmonic number
as in eq. (1).

The first summand contains exactly the function defining the (non-equivariant) Gillet-Soulé

R-class [S, p. 160],
c(L)™

m)!

R(L) = (2¢(=m) + Hml(—m)) (17)

m>1
m odd

(see Th. 11.2 for a closer analysis). The (’-term as well as the equivariant-metric-terms are
derived from the equivariant torsion. The x-summand originates from the equivariant Bott-
Chern current and the H,,((—m)-term is the I-class. Some terms from the first two summands
cancel each other.

Proof. [K1, Th. 2| shows for ¢ €]0, 27[,

(e+1)t [0+1] t
E— cos 2 sin(2m — |[¢ 4+ 1|)
T.x(P'C,O(()) = 2R™'(t)——— 2] 18
x(P'C.O0) O N T e (19
where according to [K1, Prop. 1],
‘o —F’ + logt mi1 tm
O NOREL L oy s (19)
m>1 :

m odd

Combining this with Bismut-Goette’s Theorem 9.1, Proposition 9.2 and equation 9.2 we find

o —F/ + lOgt +1 m Cos (+1)t
T; P'C,O()) =2 | ————=- ol ;
d,tX( ) ( )) Z C m! sin &
m>1 2
m odd
(+1 CoS ——= (Hl)t
| )3 logm — (logt® — 2I(1)) -
tmn—

7 S11 5 o1 m:
m odd

i sin(2m —
< ) s 5 gy, SEmE”
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This sum does not contain a factor logt¢ nor any negative powers of ¢ anymore. It is an even
power series in ¢. The expansion in ¢ up to O(t*) is given by

Tax(P'C,0(0))

[0+1]

2
= 4§’(—1)+Z(2m—M—l—l|)logm—@
m=1
(O -5 P 4 —AC(3) (|1+€|2— )¢’ (1)
720
|0+1
(I1£+1] = 2m)° — (j¢+ 1] —2m) |
+Z o ) (20)

Remark 9.5. We shall verify that the value of Tid’tX( C,0(¢)) for t = 0 equals the known
formula for T(P'C, O(()):

The equivariant torsion has been computed in [K2, Theorem 18] for equivariant vector bundles
on symmetric spaces. We shall use the notations ¢, ¢’, x* etc. from [K2, p. 102]: For ¢ € R
and Res > 1, consider the Lerch zeta function

> zkcp

Z ks
For ¢ fixed, the function (;, has analytic continuation in the variable s to C\{1}. Set (} (s, ) :=
0/0s(Cr(s,¢)). Let P:Z — C be a function of the form

(21)

m

P(k) = Z c;k™ ek

J=0

with m € Ny, n; € Ny, ¢; € C, ¢; € R for all j. Then for p € R we shall use the notations
Pot(k) == (P(k) — P(—Fk))/2,

CP =3 00 ¢iC(=ny, ¢5), ¢'P =) oiCi(—n0p),
=0
CP =3 i 0 ¢iCe(=ng,95) 2221 7, Res Pp) = ]Zo “2(n; + 1)

#j =0 mod2m

and

For P'C = U(2)/U(1) x U(1) =: G/K identify the Lie algebra of the maximal torus with R?
with the ordering (e;,e2). Then the positive roots are given by AT =1 = {e; — e}, and the
weight providing O(¢) is given by A = —(-e5. Thus for a = e; —e3, pg = § we get the dimension
Xpa+A+ka(0) = W = 1+ ¢+ 2k. Furthermore (o, pg + A) = «"@G—;rf'm =1+/. The
formula in [K2, Theorem 18] requires the highest weight A of the bundle to be in the closure
of the positive Weyl chamber. Thus for £ > 0, one obtains for the evaluation of the characters

at the neutral element

(P C O E - 2C, Z degc}FAJrka —2 Z X;G%»Afka ((Oé, PG+ A))
v
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(a,pa+A)

0%
— Z Z Xpc+A—ka logk Z CXPG+A+ka lOg || 2||<>

v
041
— 4(—1) - w}[l — Z(l + 0 —2k)logk
k=1
0+1
= 4¢(-1) - @ —Z(l—i—E—Qk;) log k (22)
k=1

for the choice % = 1 as in [K2, (71)]. [K2, Theorem 18] contained a mistyped sign in the
third summand. A formula valid for arbitrary equivariant bundles (and without the typo) was
given in [KaK, Th. 5.2], written slightly differently using ¢P(k ) = —(P(—k) — P(0). This
result shows for any ¢ € Z that T(P'C, O(()) = 4¢'(—1) — ”1) — |Hl‘(|1 + 0| — 2k)log k.
For arbitrary X, one gets an additional summand

el leell3

—CXprortha log =2 = —C(2k + £+ 1) log =2

2 2
-1 (41 a2 2 ¢ ||
=—2 ——-—F)! £ =(z+ ) log—=. 2
(25 5 )lee 5 = (3 +3)leg (23)
where ﬁ = m = vol,P'C by [BeGeVe, Cor. 7.27]. See also [KIMaMarW, p. 840] for

additional remarks.

10 The torsion form

Let P — B be a U(2) principal bundle, P — B the induced P*C-bundle and E := P xy) C2.
Then P = P(E). The curvature form © € AMT*B® (P Xy2)u(2)) inserted in the torsion form
as a C-valued homogeneous polynomial on u(2) provides an expression in terms of ¢;(E), co(F)
via the fiber bundle embedding P Xy u(2) < P Xy End(C?) = End(E). In general [BG,
(2.74)] shows for such bundles induced by principal bundles with compact structure group that
the torsion form is a cohomology class.

Remark 10.1. In general P'*C-bundles can look more complicated; the relevant structure
group is PU(2) = SO(3) and the obstruction is an element of H3(B,Z): The structure group
of projective bundles is PU(k) = U(k)/U(1) = SU(k)/(Z/kZ) (embedded diagonally). Thus
one gets an obstruction « € H*(B,Z) with ka = 0 ([Iv, p. 517]; [AtA]; [At]). See also [CoKot]
for a more detailed discussion of the holomorphic situation.

Proof. (of Theorem 1.1) Each Y € u(2) induces a vector field on P'C = U(2)/U(1) x U(1),

which we shall denote by p(Y). The Lie algebra element (%2 7;.)/2> € u(2) acts with period

7 on P'C and induces the vector field X = 2. Thus the element Y, = (lg‘ l%) € u(2) in-

duces the vector field (a — ) - X. For any Y € g, v € G the equality Tiq paa,v)(P'C,O(()) =
Tia,pv)(P'C, O(¢)) holds, as both vector bundle and metric are y-invariant. Thus Tiq . x (P'C, O(¢))

determines Tiq ,v)(P'C ,O(0)) completely. Because of the Ad-invariance of Tr , det and (Tr Y;)?—
4det Yy = —(a — B)?,

T (P'C,000) = T, rrrramy (P C, O(0)). (24)
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Considering the determinant of the Euler sequence for the map 7 : P!C —point
0— O(-1) - 71°C* - TP'C® O(-1) = 0

one finds O(—2) = 7*A2C? ® T*P'C. As e** € U(2) acts with weight ¢“®+ on the pointwise
trivial line bundle 7*A%C?, the action of e¥ on O(¥) is given by the action of the traceless

component in su(2) composed with the pointwise factor e Thus, when considering the

torsion with respect to the action of the Lie algebra element Y € g instead of the action of the

vector field p(Y), one gets the value (24) multiplied by e~ 5Ty

According to [BG, (2.74)], one obtains the torsion form T (O(¢)) by replacing Y € g with

—520OF. Thus in the value of Tiqx(P'C, O(f)) given by Theorem 9.4, —t? has to be replaced

27

by ¢1(E)?* — 4co(F), and the factor e=3TY gots replaced by e 21(E). 0

One can also verify quickly that the class ¢;(E)? — 4cy(E) is invariant under E +— E ® L' for
every line bundle £’. This verifies that it is indeed well-defined for P*C-bundles.

11 Comparison with the arithmetic Grothendieck-Riemann-
Roch Theorem
Given a P'C-bundle 7 : P — B, we denote the vertical tangent space by T'.

Proposition 11.1. For any P'C-bundle 7 : P — B one obtains

7 ci(E) = ¢1(T7) —2¢1(0(1))  and 7 (c1(E)? — 4cy(E)) = 1 (T)>
Thus 7T, (O(£)) = Ty(cr (Tm)?).
Proof. Using the Euler sequence for projective fibrations

0—-0(-1)>7mE—-Tr0(-1) =0

one finds

m*ch(E) = ch(O(=1))(1 + ch(T7))2 + [261(O(=1)) + ¢, (T')]

+ e (O(=1)? + en(T)er (O(~1)) + %cl(ﬁ)?] 4o

and thus 7*¢;(E) = ¢1(T7) — 2¢:(O(1)) and
c1(T)? = (= (ch(E)?)? + 4ch(E)Y) = 7% (cy(E)? — 4cy(E)).
[

For a general P!C-bundle one has to replace E by H°(P*C, O(1)) in the result. The arithmetic
Grothendieck-Riemann-Roch Theorem ([GRS]) states with the fibres Z 22 P'C of the fibration
PE — B

o~ _ [ o~ —_— ~

A(mO0) — To(O0) = m.(ch(O0))Td(Tr)) — /Z ch(O(0))Td(Tr)R(Tr).
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Theorem 11.2. When multiplied by e’gcl(E), the summand

~ 9 CcOS (Z+1)t (_1)m;-1 tm
Ty(—t?) = —— 2 2 (— mC(—
o) = =S X 0 4 o) S
m odd

of Ty(—t?) contributes the term [, ch(O(€))Td(Tw)R(Tn) to the torsion form.

Proof. By the projection formula m.(7*a A 8) = a A 7. in cohomology and Proposition 11.1,

/ e (Tm)*™ = (e1(E)? — dey(E))™ - / 0=0. (25)

z z
Similarly, one finds
/ ey (Tr)?m™tt = /(201((’)(1)) + 7 (E)) - ¢ (Tm)*™
z
=2 [ e(O(1) (B ~ 1l E)" + [ 7 (@(E) - @(BF - dal E))
z z

=2(c1(E)? — 4cy(E))™ / =2(c1(E)? — 4co(E))™. (26)
z
~ . cosh (£t
Noticing Ty(—(it)*) = ——F—R(t), one gets
2

/Z ch(O())TA(TT)R(Tr) = /Z e&ﬂoﬂﬂ%}z(ﬁ)

Prop:.11.1 €§CI(E)/€§CI(T7r)1 Cl(TT{') R(Tﬂ')
Z

_ e—Cl(Tﬂ')
(0+1)c1 (Tm)
@) tam [O (T7r) cosh ! A R(T)
z 2 sinh & (T“)

= i / ATT) e ()

2
(?) efgcl(E)Tl<Cl(E>2 — 402(E>)

12 Equivariant torsion forms

Consider a holomorphic isometric action of a Lie group G on M. Consider g € G and a vector
field X induced by an element of the Lie algebra 3;(g) C g of the centralizer of g. Let I, x
denote the additive equivariant characteristic class on M,N Mx which is given for a line bundle
L as follows: If X acts at the fixed point p by an angle ¢/ € R on L and g acts by e? with
v € [0, 27|, then for || sufficiently small

log(1 + 57025)
I I — k419 ] 27
g,X( )|p Z cl(L)+i19+i19’+2k7T75 ( )

keZ
2mk+9#0

Set Ry(0,z) := Zk o (ZCL(=k,0) + Co(—k,0) ) QZ—T with (7 as in eq. (21). For ¥ # 0, set
R, z) == Ry(e”, x) — RO( ~®W —z). In [K1, Prop. 1], it is shown that 2i R™*(¢J) = R(¢,0) for
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¥ €]0, 27| with R™" given by eq. (19). Bismut-Goette showed in equation ([BG, (0.13)]) that
for 9 # 0, || sufficiently small,

Iy x(L)], = R(¥,c1(L) + i) — R+ 9, e1(L)).

We refer to [BG, Th. 2.7] for the definition of (g, tX)-equivariant characteristic classes Td,,x,
chy,x and torsion T, ,x. Bismut-Goette’s main result shows for the action of ¢ € SU(2) and
the infinitesimal action of X € su(2) on P'C:

Theorem 12.1. [BG, Th. 1] Let g € SU(2), X € 3SU(2)(9) act of PXC. Then the (g,tX)-
equivariant torsion T, ,x (P*C, O(()) verifies for |t| sufficiently small

Tyx (P'C, O(0)) — Ty (P1C, O(D))

— / Tdyx (TPTC)chy,x (O(0))Six (P'C,, —w ?'€)
PlC
—/ ngetx(TPlc)ChgetX(O(ﬁ))[g,tx(]\fplcg).
PICxNPIC,

If g =: e5X acts with isolated fixed points, the S-current term disappears, as the S-current has
no degree 0 part. Thus

TesthX<Plc, O(ﬁ)) = Te(s+t)X O

/ Tde(s+t)X TP C)Che(s-u)x (O(E))Ies&tX(TPlCX).
PlCy
Similarly to equation (16), one finds

D Tdrox (TM )chyox (O(0)) Lx 1x (T M) .,

p
= _COS (£+1)2(s+t) Z 10g<1 + 27rk+s)
in (510 2rk +t+s
2 keZ

Thus using equation (18) and equation ([BG, (0.13)]) one obtains
Theorem 12.2. The (e, tX)-equivariant torsion verifies for |s|, |[t| sufficiently small
TesthX(Plc, O(g))

os Lt 1] sin(2m — |¢ + 1|) (s+t)

_ rot ¢ 2 2
= 2BV sin —(S+t) ! m=1 sin —(S;Lt) e
_ o8 (£+1)2(s+t log(l + 5s)
sin (52ﬂ o 2rk +1t+s
[e+1] . (s+t) (6+1)(s+t)
sin(2m — |€ + 1])—=~ cos 5=
- Z ( . |(S+t) D= logm + fjrt)l%(t? is).
— sin “—— sin =——

This provides the value of the G-equivariant torsion form introduced in [Ma] analogous to
Theorem 1.1.
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