
CHAIN COMPLEXES : 22/04/2021 .

A : = Ab

Definition-
Achain complex is a sequence of homormophisms of abelian groups

dnt, dn
C. : -

- . → Cn+ ,→ Cn→ Cn
- ,
→ ' - '

n : Degree of Cn
On: Differenceals.

such that dnodnti = 0
,
the Z.

¥
Im dnt, C- Her On.

Noted
. Given a complex C.

, by defining C
"
:-. C-n and d" : =D-n we get:

on
-1 On

C
•

: . . . → ch
- '

→ oh→ Cnt'→ - -
-

where dnod"
- '

=D
,
the Z.

This is known as cochain complex .

2. Given a group GE-1 , we have :

- . . → 0→ @ → 0→ - - .

If 8=0 ,
then 0. (zero complex) .

Definition .

A complex C. is bounded above if Cn =D tf n? N.

(below) (NEN)
.

A complex C. is bounded is it is bonded both below and above.



Morphismsofcharncomplexesi.tt
morphism f- : C.→ D. is a family -of morphisms { fn : Ca→Dn}n£z

making the following diagram commutative :

C. : . . . > Cute
0%1

> Cn
OF

> Cne > . . .

f-
,, ,,fn+1 ↳ ✗

fn G In-1

D. : ' - - > Dna
op,,

> Dn
op

> Dn-1 > - ' '

This is dniofn = fn-10Qi
,

Inez
.

[Bounded)
0ham complexes together with chain morphisms define a category 0%91-1
which is called the category of*chain complexes .

C.bonded) .

Remarki.ch
It is abelian Smee Ais abelian.

Kerf Kerfn

f. ⇐
a
£

C. : . . . > Cute
0^+1

> Cn
OF

> Cne > . . .

f-
,, µfn+1 ✗

fn In-1

D. : ' - - > Dna
op,,

> Dn
op

> Dn-1 > - ' '

* ¥
Cokerf Cokerfn

Tensorpoodvctofchaincomplexes.cl
even two complexes C. and D. we have that the tensor prod# of C.④D.
is given by the following data :



cc . ⑦D.) n : = ⑧ Ci Dj
itj=n

Let c④d C- Ci④Dj , then we have that :

once④d) : = died ④ d + C-1)É ④ dj?d)

Lets check that c.④D. is in fact a chain complex :

Q
-nodule④ d) = iÑ④d it c-Hid.fi#jdI-c-1I-EicxOdj7d)-cxOdigFdg?CdI

= 0
.

Exainple :

Shiftofachaincomplex :

Given NEZ and the drain complexes :
-n-11 -n

-n - 1

ZEN] : . .
. → 0 → z → 0→ . . .

→

C. : - - - →Cut , → Cn→ Cn- ,→ - - .

we have that ZEN]④C. is given by :

I 0 -1

de do
ZEY④C . :-. - → Z④zCn+ ,

→ Z④zCn→ Z④zCn→ → . - -

112 112
112

C.In] : . . . → cn+,
% Cno É can, → -

. .



0

do ( Z④Cn) = d¥④É + 1- 1)
"

Z④ dnccnt
I C-1) " On(Cn)

In fact , in general in arbitrary abelian categories the n-shift chain complex
c.Erf is defined by :

(c.In])
,<
: = Cntk

In]
: = C- 1)

"

dntk.to#gyfdanompxs:
Given a complex C. :

-
. . → Cut,-ÉCnÉCn, → . -

.

we that Im on+ i C- Kerdn

0¥78 Kerdn 0 if
II.

=

I

Cnt, Cn Cn-,

Kerdn Im Dna = Her dn
.

Imdnti

The nth homology group of C. is defined by :

Hncc.) : = HieronimOn+1
Given a map f : C.→ D. in Chet

,
it induces a natural

morphism tlncf) : Halo→ theD.)



xekerdnc
-1

C. : . . . > Cute
0%1

>
C¥ OF

> Cne > . . .

f
,, ,,fn+, | ,,fn ↳ ,.fm,

g. , . . . , Dn,,
,,
,
,

, ,zg ,, ,µ, , . . .

"
0

f-nextIÉ jÉofn IN

⇒ fnlkerdE) C- Kord'd
.

Similarly, fncimcnti ) C- ImÉ
.

Hence
,
we get a well - defined map , for each ntz

Hncf) : the c.)→ Hn CD
.)

xtImdn%→ fncsd tImdn%

In fact
,
th : ChcA)→t is a finder.

Exe :

Let c. be the complex given by :

- - . → 0→ z Iz 9- zfsz → 0→ - - -

where f- (a) = 22C and god = Ñ .

Then
,
Ttm (g) = 12/22 ,

Im (f) = 22 = Rerlg) and Kerl f) = 0.

Thus we get Hnl c.) = 0 Inez .



Definition :

A chain morphism f- :C. →D. in Ch CA) is a quasi -isomorphism if
Hncf) is an isomorphism Huff .

Remark :

0
.

→C. is a quasi- isomorphism if and only if the/ C.) = 0 .

Chainhomotopiesi
Two maps f, g : C.→D. in 0h (A) are homotopie if there is a morphism
h :C

.
→D. -21] S.t.

C. : . . . > Cute
0%1

> Cn
OF

> Cne > . . .

'

hn.
f-g
,, µ

,
¥ ' ×fñ9n . . In-1

⇐

D. : ' - - > Dn+1%É+
.

> Dn
op

> Dn-1 > - ' '

hn-iodn-OIohn-fn-gnvnc-Z.tn
is called homotopy .

We write f-Ng .

"

Topological way
"

:

Define an interval object I. in Chct) as the chain complex concentrated in

degrees -20,1] given by :
I
f

•

I. : . . - →0 → z→ 2+02-0→ - - .

with few = (x
,
-x)

.

Given a chain complex C. inch (A) we have I.④ C. will be defined
as follows :



( I. ④C.) n := Cn④ Cn⑤Cn - e

Ont , :(I.④ C.)n+ ,→ II.④ C.)n is :

dnti ( x
, Y, Z) : = ( dnt, (a) 1- 2-

,
dniicx) - 2-

,

-Oil 2-7)

Proposition :

A chain homotopy between two maps f.g : C.→D. corresponds to
a commutative diagram : 10.x,07<-1 x

se -3 Cd
, 0,07

C.→ I.④ C.← c.

* ¥:*.
where h :C

.

→D.[1) defines ahomotopy .

Proof .

The drain maps (f.g.h) are :

I.④C- : - -

→ Cut,④ cut,⑦ Cn Cntocntcn- i→

9-'9k¥ (fm-i.gnt.im) / G (fn.gn.hn-D
4

B. : - - - - Dna - Dn -
Et .

commutative if

0m¥ 0 ( fun
, gnn.hn) = Cfn ,Gn, ha- iodnt,

which happens if :



For elements of the form CK, 0,07 it commutes .

✓ since f- is a
chain

map.
For elements of the form 10

,
x
,
0) it commutes✓ since g is a

chain map
For elements of the form 10,0pct it commutes if:

1nF ,
ohn (e) =(fn

, gn.hn-a)odnti (x)

= (fu
, gn , ha- i) (x ,

→
,
-diexD

= f-next -gncx) - hn- nodial
-

⇐ h is ahomotopy
1Bounded)
Chain complexes together with homotopic classes define a categoryKbcA) which is called the homotopie category ."

bounded

comparison between homotopy equivalences and quasi - isomorphisms .

Definition :

A map f- : C. →D. in Chl A) is homotopy equivalence ifJg:D .
→ c. s . t . go f- wide . and fog ride .

* If f-Ng ⇒ Hn (f) = Hncg) Antz .

Then if go f- wide . and fog ridD. we get for each nerd :

tfncgo f) = Hu Cidc.) and the Cfog) = Hnlidi .)

⇒ Hncojotlnl f) = id thee, and Hnc f) •Hnlg) = 0dm D.)



⇒ tlncgl and Hncf) mutually inverse 'som.

⇒ g and f are quasi - room.

lemai

If f :C.

→D. in CHIA) is a homotopy equivalence , the
f- as a quasi-Isom.

In general
Quasi - isomorphisms i⇒/ Homotopy equivalences .

Counter- example :

let C. be the chain complex

. . . > 0 > z
t
> z

9
> z > 0 > - - -

212

where fix)=2x and get __ I .

SinceHnl C.) = 0 V-nEZ
,
then 0 .→ C. is a quasi - isomorphism .

Claim :O .
→ C. is not a homotopy equivalence.

0
.

→c.→ 0
.

Proof :
Assume 0 .→ C. to be a homotopy equivalence, then we have Ovide .
On the other hand

,
consider a chain map§ :c.

> C. such that itshomotopic to
0 :C.

> C. in Chet
.

Thus
,
there exists a chain homotopy h :C .

> C.It]
.

C. : . . . > 0 > z
t
> z

9
> z > 0 > . -

-

NI
on, f.

×

!: '
-

II.hi '
'

?¥I¥io✗
1 is

C. : . . . > 0 > I > z
"

> z > 0 > - -

-

f- 9 212

~

<

)
-

.



with him = 0
,
because Home (2/2-12,2)=0.

Thus
,
I - * = h-200 t gohn-a = 0 . Implying that I ✗ ride . and by

assumption 0 ~ § .

This yields to a contradiction to on idc .
.


