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Introduction

The Magnus embedding is the main tool for studying free solvable
groups:
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Introduction

The Magnus embedding is the main tool for studying free solvable
groups:

e The n™ derived (commutator) subgroup of a group G is
G" =[GV, g1,

where G) = G' = [G,G] = (g, ] | ¢, &' € G).
e The free solvable group Sy, of degree d and rank r is given by

Sa,r = Fr/ F\9.

e The Magnus embedding isamap ¢ : Sg, — Z" 1 S4—1,r.
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Quasi-isometries

o A quasi-isometric embedding f between two metric spaces
(X,dx) and (Y, dy) is an injective map f : X — Y such that there
exist constants Cy, ..., C4 > 0 for which

Cidx(x1,x2) — Co < dy(f(x1),f(x2)) < C3dx(x1,x2) + Cq4

for any x1,x; € X.

e For us, X, Y are groups and dy, dy are the corresponding word
metrics.

e Wlog, f : G — H is a quasi-isometry if it preserves geodesic
length “up to linearity™.
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Set-up and notation

° F:<X1,...,Xr>
e NIF
o N'=[N,N] = ([x,y] | x,y €N)
e A={ay,...,a,) —free abelian
b F, o @
F /N/ AB
Fin
e Show that ¢ is a quasi-isometry.
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Geodesics in A B



Geodesics inA ! B
000

Wreath products

The restricted wreath product is the group:
AB={bf|beB, fecAP)},
with multiplication defined by

bf -cg = bc f°g,

where
o f¢(x) = f(xc") for x € B.
o A®) is the set of all functions from B to A of finite support
e Multiplication in A®®) is given by f - g(x) = f(x)g(x)
e 1, is the function 1 : B — 14.
Remark. BactsonA®) soA1B~ B x A®)
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A presentation for Al B

LetA = (X | R4), B= (Y | Rp). Then
_ b1 by
A1B = <XUY|RA, Rp, [d ,a2]>,

where ap,ap € A and b],bz € B.

a ifx=0»b
e Define f, ,(x) = { 1 otherwise

e ThenA — AVB (viaa — f41)

e Any function f € A®) can be given as {(by,a), ..., (bp,a,)}
e Equivalently, f = fu, b, - - - fa, b :ff]"l . .fi"’l e ayo..a,
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Geodesics in Al B

e Let w be a word in the generators of A and B. Rewrite it as
B B
w=>bA" .. ALK,
Ai,...,Ar # 1l and By, ..., By are distinct.

Theorem (Parry)

k
wilas = [16ll5 + > lAilla + Leayia) (B - - Bi).-

i=1

 Lcayp)(B1, ..., By) is the length of a minimum length cycle: the
shortest circuit in Cay(B) passing through {1, By, ..., By}.
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Two views of Fox derivatives



Introduction Geodesics in A ! B Two views of Fox derivatives Geodesics in F/N’ The Magnus embedding is a quasi-isometry
000 000 ©000000 0000 0000000

The Magnus embedding

e The Magnus embedding was originally defined as ¢ : F — M,
where M is a matrix group with entries in a group ring.

e For a word w in generators X = {xj,...,x,},

¢ Ffyr = A1 F)y

is given by
Pox, Mo,
... ay .

e Here, %v ceey g—;”r are the Fox derivatives of w.
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Fox derivatives

For any x,y € X the delta-function

Oy [ 1 ify=ux
Ox 0 otherwise

extends linearly to a derivation % 1 ZF — ZF, called the Fox partial
derivative.
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Fox derivatives

For any x,y € X the delta-function

Oy { 1 ify=x

Ox ~ ) 0 otherwise

extends linearly to a derivation % 1 ZF — ZF, called the Fox partial
derivative.

Properties:
ouv  Ou ov
Product Rule. — = — —
e Product Rule o 8x+u8x
-1
e Power Rule. Ou = u_l@

Oox ox
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Example

1,—1

Let F = F(x;,x) and w = xz_lxlxzx%xgxl_lxz_ xX; X2

—1 2 -1 _—-1_-1
ow  0Ox, N 1 OX1X0XTX0X ] Xy X X2

8_)61 N 8x 1 x2 Bxl
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Example

1,—1

Let F = F(x;,x) and w = xz_lxlxzxfxle_lxz_ x| X

ow 0x,/ L] 8x1x2x%x2xf lx; le ly,
v _ X
Ox1 X1 2 Ox1
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Example
Let F = F(x;,x2) and w = x5 'xpxax?xox; 'y Ty e
- 1,42 — Ay ALA2AA2A ] Ay A A2
0 0x,/ Ox1xxtxxy s T
wo —1 OX1 XX X2 Xy Xy Xy X2
— = + x,
15)9] X1 Ox1
2 o —1. -1 _—1
g [ On OxoxXoX| X5 X X2
= x2 - X1
6x1 6x1
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Example
Let F = F(x dw=x;! 2xaxy oy !
= 1,X2) and w = X, " X[XX{X2X] X, X[ X2.
ow 0x,/ ! 8x1x2x%x2xf1x; lelxz
— = X
Oxy X1 2 Oxy
! 1,—1 —1
1| Ox Oxax2xoxy ' 1x Ty
_ le tx 142X X X

X1 0x1
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Example
Let F = F(x;,x2) and w = x5 'xpxax?xox; 'y Ty e
= 1,42 — Ap ALA2AA2A Ay A A2
ow ax?/ 1 Oxlxzx%xzxflx; lelxz
- _|_x2
15)9] ﬁxl Ox1
1
1| O% 8x2x%x2x1_1x2_ lxl_lxz
= X + X1
X1 0x1
oy Oxy X ax%xzxflx; le
= 1|5 +x
2 2 axl

@x 1
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Example
_ 1 2. o —1 —1 —1
Let F = F(x1,x2) and w = X, "X|X2X7X2X] X, X| X2.
ow ax?/ N 718x1x2x%x2x171x27 lelxz
oav X
15)9] ﬁxl 2 Ox1
! 1.—1 —1
2 — — —
! ox, . OxpX{XoX| "Xy X| X2

2 X1 0x1

1

X2

1 _1 ox, ax%xzxflx; le
= X, +x,x “+ X2 B
X1 X1
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Example
Let F = F(x;,x) and w = xz_lxlxzx%xle_lxz_lxl_lxz.
ow 0x,/ ! 8x1x2x%x2xflx; lelxz
o _ X
Ox1 X1 2 Ox1
I 1,—1,—1
1| Ox Oxox2xoxy 'y 1x Ty
= X 1 tox 12X X X

X1 0x1

2 —1 —1 1
1 Ox; OX{X2X] Xy X| X2
= X —|—]C2 X1 ﬁz"‘xZ P
X1 X1

—1 —1 —1 —1 2 —1
= X, X, X1X2 + Xy X[X2X] — Xy X|X2X]X2X)
1

—1 2 -1, -1_—
—Xy X[X2X]X2X| X5 X
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Flows in a Cayley graph

Consider the Cayley graph I'(G, X) as a digraph. Letp = e ...e, be
a path in I' and define a flow 7, as follows:

mp(e) = algebraic number of times that p traverses e.
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Example of flows on T'(G, X)

Example. Consider G = F/F' ~ Z x Z with X = {x;, x;}. Find 7,

-1 2. . —1_—1_—1
for w = x; "xpxox{xox; X, x; x2.

X2
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Geometric interpretation of Fox derivatives

Edges in I'(F /N, X) have the form e = (g, gx;) for g € F/N and
i=1,...,r

Theorem (Miasnikov, Roman’kov, Ushakov, Vershik)
Letw € F. Then _

ow
o= > mellg gx))s

geF/N
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Example of Fox derivatives and flows

8W_—1_|_—1 4! -1 2. —1
_6x1 = X Xy XX X5 TX1X2X] — X, X1X2X]X2X;
—X 1X1X2X%X2x1_1)€2_ lxl_l
ow
— 2 2 -1 2 2
_8x1 = le T HX] X0 - =X, +X — X0

X2

X1
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Geodesics in F/N’
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Finding geodesics

Goal. For a word w € F/N’ given as a product of generators X, find a
geodesic for w.

e Read w as a path p,, in Cay(F/N, X). (This is not a typo! N, not
N’)
e This path defines a flow, .

e Consider the subgraph I of Cay(¥’ /N> X) which consists of edges
of non-zero flow.
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I' and the minimal forest

e Ci,...,C;—connected components of I"
e (O — minimal forest connecting Cy,...,C;
e A=QUC,...U(

Note. There may be more than one choice for Q.
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From A to A* and back

Consider Z x Z = (x,y).
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From A to A* and back

Consider Z x Z = (x,y).
w = yxy~ oy 3y
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From A to A* and back

Consider Z x Z = (x,y).
— vl Tyrvr2y—yyr—3y—2
W=)yxy "X yXyxty “Xxyx -y

't
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From A to A* and back

Consider Z x Z = (x,y).
— v e vy Lyvr—3v—2
w = yxy~ I Tyoya?y oy
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From A to A* and back

Consider Z x Z = (x,y).
— v e vy Lyvr—3v—2
w = yxy~ I Tyoya?y oy
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From A to A* and back

Consider Z x Z = (x,y).

w = yxy~ oy 3y
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Geodesics in F/N'

An Euler tour on the vertices of A* corresponds to a geodesic for w in
F /N"
Theorem. (Miasnikov, Roman’kov, Ushakov, Vershik)

wllg,, = > Imu(e)] +2IE(Q)]:

e€supp(pw)
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The Magnus embedding is a
quasi-isometry
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Main Theorem

Theorem (V)

Let w be an element of F /N' given as a product of generators
X1,...,X. Then

1
31y e < 1609 s < 3l
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Example
e F=F(x,y),N=F
o F /N' =~ M, free metabelian group
e B=Fjo7Zx1
e A = (aj,ay) - free abelian group

o w=yry~lx oy~ Loy

aw/8x2_1+2)’+x3)7—x N 8W/a =2-2x—xXy+xty

ow BW/ _ _ 0 YO I
pw) = w-a /8x a, % _ . 11+2y+\\ x3y? 2ty
X

a4
. (al la%)(aZ)) (a2 2) (alaz—l)x~y(al—l)x3y2 (az)x4y
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A crucial lemma

o p(w)=w-AP .. APk
e > . ||Ai][4 is the sum of absolute values of the coefficients in the
Fox derivatives

Lemma

ZHAiIIA= Y Ime)l.

e€supp(pw)
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Proof by example

lx— lyxyny— lxyx—Sy—Z

OW/ae = —1 +2y +2%y—xy?,

° w=yxy"

aw/ay =2-2x— 'y +xty

— _ . 3 . 3,2 4
© o(w) =x-(a1'@) (@) ()" (@ray )" (ay )" (@)
N e N o N e e e, ! e, e
A?l A?Z A§3 Af4 A?S Agﬁ
6
o > Aifla=(0+2)F24+24+(1+ 1)+ 1+1= > |mu(e)]

i=1 e€supp(pw)
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Comparing graphs — first look

1 T 1=5

Tw(8,8x) # 0
e gc F/N such that or +— B; for some i.

(g, 8y) # 0
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Comparing graphs — first look

1 T 1=5

Tw(8,8x) # 0
e gc F/N such that or +— B; for some i.

(g, 8y) # 0
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Comparing graphs — first look

1 T 1=5

Tw(8,8x) # 0
e gc F/N such that or +— B; for some i.

(g, 8y) # 0
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lo(w)llaw < 3[lwllr,

wlley, = 22 Imw(e)| + 2[EQ)] [low)llaw = Wllr,, + > llAill +{T]
[E(Ci)| +2[E(Q)]

N

1

e Any tour on V(A) is longer than a minimal tour 7 on
{I,Bl, e ,Bk}, SO
71 < Iwle,

o DAl = 3 [mu(e)] so
ST 1Al < Il

o [®lry < Iwl,

o = [6(w)llus < 3lwllr,,
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W, < 2r+1)l[¢(w)|las

Yy

B, B, By

Bs

Wley, = X Imu(@)l +21EQ)]  llow)llas = [Wllr,, + 3 14l + |71
=0, [E(C)| + 2|E(Q)] =S mu(e) + [T
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W, < 2r+1)l[¢(w)|las

Yy

I

By T \/74 B

Bs

Wley, = X Imu(@)l +21EQ)]  llow)llas = [Wllr,, + 3 14l + |71
=0, [E(C)| + 2|E(Q)] =S mu(e) + [T
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W, < 2r+1)l[¢(w)|las

Yy

I

By T \/74 B

Bs

Wley, = X Imu(@)l +21EQ)]  llow)llas = [Wllr,, + 3 14l + |71
=0, [E(C)| + 2|E(Q)] =S mu(e) + [T
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W, < 2r+1)l[¢(w)|las

Yy

I

Bs

_
I

=
&

Wley, = X Imu(@)l +21EQ)]  llow)llas = [Wllr,, + 3 14l + |71
=0, [E(C)| + 2|E(Q)] =S mu(e) + [T
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