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INTRODUCTION

This seminar will serve as an introduction to the theory of p-divisible groups which we will develop
around the paper by Tate from 1967 [Tat67] (talks 6-12). As a motivation and to have some examples
at our disposal, we begin with a review of some aspects of the arithmetic of elliptic curves (talks 1-5).

Let E be an elliptic curve over a field K (or more generally an abelian variety). One object we can
associate to F is the Tate module
Ty(B) = lim E[")(K),
neN
for any prime ¢, where E[¢"] is the kernel of the multiplication by ¢". Then T;(E) is a Zy-module with

~ | Z¢yx7Zy ,€F# charK
(1) TZ(E)_{Oong ,{ = char K

and in fact a continuous Zs-representation of Gal(K/K). The following two theorems demonstrate
that Ty(E) contains a lot of information about E:

Theorem (Tate’s isogeny theorem). Let E and E' be elliptic curves over a finite field Fy and let
0 # charF, be a prime. Then E and E' are isogeneous if and only if Ty(E) and Ty(E') are isomorphic
as Gal(F q/F )-representations.

Theorem (Néron-Ogg-Shafarevich criterion). Let E be an elliptic curve over a p-adic local field K,
and let £ # p be a prime. Then E has good reduction (i.e. the reduction of E to the residue field of K
is non-singular) if and only if Ty(E) is unramified as o Gal(K /K)-representation.

(The above theorems can be formulated for abelian varieties as well.) However, for some questions,
for example concerning deformations of elliptic curves, it does not suffice to only consider £ # p: Let
F be an elliptic curve over F,,. Let E and E’ be two elliptic schemes over Z,, that lift E i.e. Eg, and

E@p are elliptic curves and Ef, = E = EIFI,' Then Ty(Eq,) = T)(E) = Tg(E@p)7 for ¢ # p. Hence we

see that the f-adic Tate module cannot distinguish between different lifts of E. On the other hand, it
follows from that T),(E) does not capture enough information either.
To resolve this, one passes to the p-divisible group associated to an elliptic curve E (resp. an abelian
variety) instead:

E[p™] = lim(E[p] — E[p’] = ...).
Here, we do not only consider the geometric points of the [p"]|-torsion but all of the E[p"] as a formal
scheme. Then it is a theorem of Serre and Tate that the deformation theory of elliptic curves (resp.

abelian varieties) and the associated p-divisible groups is the same.

In talk 6 to 12, we start with considering finite flat group schemes and we define p-divisible groups in
full generality. Then we follow Tate’s paper [Tat67], which studies p-divisible groups over a complete
noetherian local ring of characteristic 0 with residue field of characteristic p. We work through the
proofs of the two main theorems: The faithfulness of the generic fibre functor and the Hodge-Tate
decomposition which also implies the Hodge-Tate decomposition of the étale cohomology of abelian
varieties:

(2) Hélt(ECp’ Qp) ® CP = Hl(E(Cp’ OE(CP) D HO(E(C;N QIE‘CP)(_]‘) .
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Moreover, p-divisible groups also appear in other branches of Arithmetic Geometry. For instance,
Tate’s paper is one of the foundational papers in p-adic Hodge theory. The Hodge-Tate decomposition
is also of interest for studying the p-adic Galois representations coming from the cohomology
of these geometric objects. One should also mention the moduli spaces of p-divisible groups. For
example, the local Langlands correspondence can be realized via their cohomology (cf. [HTO01]).

1. RECOLLECTION ON THE GEOMETRY OF ELLIPTIC CURVES [SIL09, CH. III. §1,3]

Define Weierstrass equations, the associated discriminant and j-invariant. Discuss Proposition 1.4 but
skip the proof if necessary. Give some of the examples in Figures 3.1 and 3.2. Recall the definition
of an elliptic curve and prove Proposition 3.1. Use the Riemann-Roch theorem to endow an elliptic
curve with a group law (Lemma 3.3, Proposition 3.4 a—d). Show that this group law is a morphism
(Theorem 3.6, skip the proof if necessary).

2. IsOGENIES [S1L09), Cu. III. §4]

Define isogenies of elliptic curves. Introduce the important Example 4.1 of the multiplication by m and
prove Proposition 4.2. Define the m-torsion subgroup E[m|. Discuss Remark 4.3 about the definition
of complex multiplication and present Example 4.4. Consider the translation map on elliptic curves
(Example 4.7). State that every isogeny of elliptic curves is a homomorphism (Theorem 4.8), and
that the kernel of a non-zero isogeny is a finite subgroup (Corollary 4.9). State Theorem 4.10 and
Corollary 4.11. Finally prove Proposition 4.12 and Remarks 4.13.1,2 if time permits.

3. THE TATE MODULE OF AN ELLIPTIC CURVE [SIL09, CH. III. §6,7]

Introduce the dual isogeny (Theorem 6.1a) and list its properties (Theorem 6.2). Present the Example
4.5. Prove Corollary 6.4 about the structure of E[m]. Define the Tate module T;(F) of an elliptic
curve E and describe its structure (Proposition 7.1). Introduce the (-adic Galois representation on
Ty(E) (Remark 7.2) and discuss the related definition of the ¢-adic cyclotomic character (Remark 7.3).
Prove Theorem 7.4, i.e. that the natural map

(*) HOIn(El, EQ) ® Ly —> HOm(Te(El)a TK(EQ))

is injective. Conclude that Hom(FE1, E2) is a free Z-module of rank at most 4 (Corollary 7.5). Consider
the Gal(K/K)-invariant elements in (Remark 7.6) and state Tate’s isogeny theorem (Theorem
7.7a): Two elliptic curves over a finite field are isogeneous if and only if their Tate modules are
isomorphic Galois representations.

4. ELLIPTIC CURVES OVER LOCAL FIELDS [SILO9|, CH. VII.]

For an elliptic curve F over a local non-archimedean field define minimal Weierstrass equations and
discuss their existence and uniqueness as in Proposition 1.3 a),b) and d). Introduce the reduction E
of E and state Proposition 2.1. Prove Proposition 3.1 about the points of finite order in E(K) (You
can treat the statement about the formal group associated to E as a black box in this talk). Present
some of the Examples 3.3.1-3.3. Recall the notion of the maximally unramified extension of K and
the inertia subgroup of Gal(K/K) as necessary and define when an action of Gal(K /K) is unramified.
Finally show Proposition 4.1, i.e. that if E is non-singular then the Tate-module T,(E) is unramified,
where £ is a prime not equal to the residue characteristic of K.

5. THE CRITERION OF NERON-OGG-SHAFAREVICH [SIL09, CH. VIL.]

Introduce the classification of good, multiplicative and additive reduction of an elliptic curve E over
a local non-archimedean field K, and explain the connection to the minimal Weierstrass equation of
E, Proposition 5.1. Present the Examples 5.2. If time permits, define potentially good reduction and
state the semi-stable reduction theorem (Theorem 5.4) and Theorem 5.5. State the Theorem 6.1 by
Kodira and Néron and also Corollary 6.2. Prove the criterion of Néron-Ogg-Shafarevich (Theorem
7.1) which states that E has good reduction if and only if the Tate module T;(F) is unramified, for
¢ some (all) primes not equal to the residue characteristic of K. Moreover, draw the Corollaries 7.2
and 7.3.
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6. AFFINE GROUP SCHEMES AND FINITE FLAT GROUP SCHEMES

Let R be a commutative ring. Define (commutative) affine group schemes over R as group objects in
the category of affine R-schemes [Tat97, §1.1-1.6] (cf. [Dem72, Ch. I], [Sha86, §2]). If time permits,
also mention that an affine group scheme over R is a representable functor from the category of R-
algebras to groups [Tat97, §1.6]. Construct kernels in the category of affine group schemes and mention
the difficulty of constructing cokernels [Tat97, §1.7-1.8]. Present the Hopf algebra interpretation for
affine group schemes Spec(A) where A is an R-algebra [Tat97, §2.2] (cf. [Sha86, §2]). Give the
examples G, Gy, fin, [Tat97, §2.4-2.7] and constant group schemes and diagonalizable group schemes
[Tat97, §2.6, §2.10]. Finally, define finite flat group schemes and present examples [Tat67, §1.1 (a),

(b)].

7. DUALITY AND STRUCTURE OF FINITE FLAT GROUP SCHEMES

Define and explain the character group scheme for an affine commutative group scheme [Tat97, §2.9].
Present Cartier duality of finite flat group schemes and illustrate with examples [Tat67, §1.2] (cf.
[Sha86, §4]). Define étale and connected finite flat group schemes, and give the example that for an
elliptive curve E/k, where char k = p, the finite group schemes E[("] are étale (¢ # p) but the group
schemes E[p"] are never étale.

Briefly discuss quotients of finite flat group schemes [Tat97, §3.1-3.6] in order to introduce the
connected-étale exact sequence for a finite flat group scheme over a complete noetherian local ring
[Tat97, §3.7] (cf. [Tat67, §1.3-1.4)).

8. FORMAL GROUPS AND p-DIVISIBLE GROUPS

Define p-divisible groups and morphism of p-divisible groups following [Tat67, §2.1]. Work out the
examples in [Tat67, §2.1] (cf. [Sha86l §6]).

Let R be a complete local ring. First, give the classical definition of n-dimensional formal Lie groups
over R [Tat67, §2.2]. Give the example of the formal group associated to an elliptic curve [Sil09, Ch
IV]. Show that one can also define a formal group as a representable functor from the category of
profinite R-algebras to group [Sha86}, §5] (cf. Talk [6).

Define étale and connectedness for formal group schemes [Dem?72, Ch. I1.7] and present the connected-
étale exact sequence for formal groups [Sha86| §5].

Show that a p-divisible group over R is a p-torsion commutative formal group for which the multipli-
cation by p map is an isogeny |[Tat67, §2.2] (cf. [Sha86, §6]).

9. FORMAL LIE GROUPS AND DUALITY FOR p-DIVISIBLE GROUPS

State that there is a categorical equivalence between the category of connected p-divisible groups and
the category of divisible commutative formal Lie groups over R and outline the constructions [Tat67,
§2.2 Prop 1] (cf. [Sha86, §6 Theorem]). Show that this theorem implies every connected p-divisible
group is smooth [Dem72, Ch. II] (cf. [Sha86, §6]).

Define the Cartier dual for a p-divisible group, give examples and present Cartier duality of p-divisible
groups [Tat67, §2.3] (cf. [Sha86, pp. 63-64]).

10. GALOIS MODULES ¢(G) AND T'(G) [TAT67, §2.4]

Let G be a p-divisible group over a complete local ring R with residue field of characteristic p and
fraction field K. Define the group of points of G with values in an extension of R. State and justify
the connected-étale short exact sequence for group of points of G when R has a perfect residue field
as in Proposition 4. State and prove Corollary 1 and 2. Introduce the tangent space of G at origin
and the logarithm. Give examples of the logarithm in the case of the multiplicative group G,, and
elliptic curves.

Define the Tate module T'(G) and Tate comodule ¢(G) for a p-divisible group G. Show that they each
determines the generic fibre of G over R, and present the cannonical isomorphisms of T(G) and @(G)
(c.f. [Sha86, §6] ). Give examples of T'(G) and ¢(G), e.g. in the case of G,, and abelian varieties.
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11. HODGE-TATE DECOMPOSITION FOR p-DIVISIBLE GROUPS

Let G be a p-divisible group over R as in Talk [10| and assume that R is of characteristic 0. Explain
the connection between the Tate module of G and its dual G’ [Sha86| p. 65]. Construct the pairings
in [Tat67, §4] (cf. [Sha86, p. 66]). State and prove Theorem 3 of [Tat67], which gives descriptions of
points of G and the tangent space of G in terms of the Tate module of G (c.f. [Sha86, §6]). Skip the
proof of [Tat67, Prop 11].

The Hodge-Tate decomposition follows from Theorem 3 [Tat67, Cor 2]. Sketch the proof here and
show how this can be applied to the case of abelian varieties over R (c.f. |Sha86|, §6]). One may also
mention that this result is later generalized by Faltings [Fal88, Ch III, Theorem 4.1].

12. MAIN THEOREM [TAT67|, §4.2]

Let R be as in Talk State and prove Theorem 4, which tells us that morphism of general fibres of
p-divisible groups over R of mixed characteristc can be uniquely lifted to a morphism of the p-divisible
groups. In other words, the functor that sends p-divisible groups G defined over R to G ®r K is fully
faithful. State and prove the corollaries.

If time permits, state and explain this theorem in the case when R is of positive characteristic [Ber80]
[Jon9g].
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