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Rooted Trees
Let (mn)n≥0 be a sequence of integers with mn ≥ 2. A rooted
tree of type (mn)n is a tree T with root v0 of degree m0 such
that every vertex at distance n ≥ 1 from v0 has degree mn + 1.
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(Weakly) branch actions
Let G act faithfully on T . Define
• StG(v) := {g ∈ G | vg = v}, the stabilizer of v ∈ T
• StG(n) :=

⋂
v∈Vn

StG(v), the nth level stabilizer
• ristG(v) := {g ∈ G | g fixes T \ Tv pointwise}
• ristG(n) :=

∏
v∈Vn

ristG(v), the nth level rigid stabilizer.
This faithful action is a (weakly) branch action if for all n

(i) the action is transitive on Vn
(ii) (ristG(n) is infinite) |G : ristG(n)| is finite.

A group is a (weakly) branch group if it has a (weakly) branch
action on some T .

Congruence Subgroup Property (CSP)
Let G act faithfully on T . Write Ĝ for the profinite completion of G.
• G is the congruence completion of G, obtained by taking {StG(n)}n as a basis of neighbourhoods of the identity. It is also

the closure of G in AutT . There is a natural homomorphism ψ : Ĝ� G whose kernel C is called the congruence kernel.
• G has the congruence subgroup property (CSP) if C = 1; i.e., each finite index subgroup contains some StG(n).

If the action of G on T is a branch action,
• G̃ is the completion of G obtained by taking {ristG(n)}n as a basis of neighbourhoods of the identity.
• The branch kernel B is the kernel of the natural homomorphism Ĝ� G̃. We also have G̃� G.

CSP is independent of weakly branch action
If G has two weakly branch actions then it has the CSP with respect to one iff it has the CSP with respect to the other (this answers
Question 2 from [1]):

Theorem 1 ([2]). Let ρ : G ↪→ Aut(Tρ) and σ : G ↪→ Aut(Tσ) be two weakly branch actions of G. Then {Stρ(n)}n and {Stσ(n)}n
define the same topology on G, so Gρ = Gσ and Cρ = Cσ.
Similarly,
Theorem 2 ([2]). Let ρ : G ↪→ Aut(Tρ) and σ : G ↪→ Aut(Tσ) be two branch actions of G. Then G̃ρ = G̃σ and Bρ = Bσ.

Examples: GGS groups
GGS-groups: Subgroups of AutT where T is p-regular tree,
p =odd prime.
G := 〈a, b〉 where a acts as the p-cycle (1 2 . . . p) on V1 and

b := (ae1 , ae2 , . . . , aep−1 , b) ∈ StG(1)

with e := (e1, e2, . . . , ep−1) ∈ Fp−1p . (See figures for p = 3).
If e is not constant then G is a branch group; otherwise it is
weakly branch.
Theorem 3 ([4]). A GGS-group G has CSP iff e is not constant.
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Proof sketch
For every weakly branch action of G on T , and every v ∈ T :
• ristG(vg) = g−1 ristG(v)g for every g ∈ G,
• if ristG(vg) ∩ ristG(v) 6= 1 then ristG(vg) = ristG(v).
Proposition ([3]). For every u ∈ Tρ there exists v ∈ Tσ such
that ristρ(u) ≥ ristσ(v)

′ 6= 1.

Claim. For every n there exists m such that Stρ(n) ≥ Stσ(m).
Proof. Let u ∈ Vn ⊂ Tρ. By the Proposition, there exists v ∈
Vm ⊂ Tσ with ristρ(u) ≥ ristσ(v)

′ 6= 1. For any g ∈ Stσ(m),
we have 1 6= ristσ(vg)

′ = ristσ(v)
′ ≤ ristρ(u

g) ∩ ristρ(u), so
ristρ(u

g) = ristρ(u) and g ∈ Stρ(u). The claim follows using the
transitive action of G on Vn and Vm.

Hence {Stρ(n)}n and {Stσ(n)}n define the same topology on
G, so the completions are the same.
A similar argument holds for branch actions and {ristG(n)}n.

Profinite vs Pro-p Completions
Any GGS group with constant e does not have the CSP. How-
ever, its pro-p completion is the same as its closure in AutT :
Theorem 4 ([4]). Let G be a GGS-group. Then

γn(G) ≥ StG(n) for all n ∈ N
where γn(G) is the nth term of the lower central series.
This theorem also holds for the wider class of spinal groups.
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